
 g¨vwUª· Ges wbY©vqK 

Metrices and Determinants 

 

 

 

f~wgKv 

Introduction 
exRMvwYwZK ivwk, PjK ev c¨vivwgUvi mg~n‡K †kÖwYe×fv‡e mvwi I Kjv‡gi wfwË‡Z Dfqcv‡k¦© Dj¤̂ †iLv ev eÜbxi gva¨‡g 

cÖKvk Kivi exRMvwYwZK c×wZ Bn‡jv g¨vwUª·| AvaywbK MwY‡Z g¨vwUª· GKwU kw³kvjx †KŠkj hvi mvnv‡h¨ e¨emvq 

evwY‡R¨i Drcv`b, µq-weµq msµvšÍ RwUj mgm¨v AwZ mn‡RB mgvavb Kiv m¤¢e| e¨emvq evwY‡R¨i wewfbœ Z_¨vw`‡K 

g¨vwUª· AvKv‡i mvwR‡q Gi mvnv‡h¨ Drcv`b †gvU Avq, †gvU e¨q, jvf, ÿwZ, GKK cÖwZg~j¨ wewfbœ Pj‡Ki gvb BZ¨vw` 

wbiƒcb Kiv m¤¢e nq| A_©bxwZ Ges e¨emvq †ÿ‡Î e¨eüZ GK gvwÎK mgxKiY¸‡jv mgvav‡bi †ÿ‡Î g¨vwUª‡·i e¨envi I 

¸iæZ¡ jÿ¨ Kiv hvq| cÖ_g James Joseph Sylvester (1814-1897) g¨vwUª‡·i aviYv †`b| wKš‘, Arthur Cayley (1821-

1895)  †K g¨vwUª‡·i RbK ejv nq Ges wZwbB cÖ_‡g we‡kølYg~jKfv‡e g¨vwUª· cÖKvk K‡ib| G BDwb‡U g¨vwUª‡·i msÁv, 

wewfbœ cÖKvi g¨vwUª·, wecixZ g¨vwUª· wbY©q, g¨vwUª‡·i †hvM-we‡qvM, g¨vwUª‡·i ¸Y, wbY©vqK Ges g¨vwUª‡·i i¨v¼ BZ¨vw` 

welq¸‡jv wb‡q Av‡jvPbv Kiv n‡e| 

 

 

BDwbU mgvwßi mgq   BDwbU mgvwßi m‡e©v”P mgq 4 w`b 

 

  

 

g~L¨ kã 

g¨wUª·, eM© g¨vwUª·, KY© g¨vwUª·, †¯‹jvi g¨vwUª·, A‡f` g¨vwUª·, AcÖwZmg g¨vwUª·, cÖwZmg 

g¨vwUª·, mgNvwZ g¨vwUª·, mn¸YK g¨vwUª·, Dj¤^ g¨vwUª·, wecixZ g¨vwUª·, A_©‡Mvbvj 

g¨vwUª·, mshy³ g¨vwUª·, wbY©vqK, wbY©vq‡Ki ˆewkô¨,  g¨vwUª· Gi i¨v¼ †µgv‡ii wbqg 

BZ¨vw`| 

  

G BDwb‡Ui cvVmg~n 

cvV-8.1: g¨vwUª· Ges Gi cÖKvi‡f` 

cvV-8.2: g¨vwUª‡·i wewfbœ Kvh©µg  

cvV-8.3: wbY©vqK 

cvV-8.4: g¨vwUª‡·i i¨v¼ Ges GKNvZ wewkó mgxKi‡Yi mgvavb 

8 
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 g¨vwUª· Ges Gi cÖKvi‡f` 

Matrix and its types 
 

 

D‡Ïk¨ 

 

G cvV †k‡l Avcwb-  

 g¨vwUª·Gi msÁv wjL‡Z cvi‡eb; 

 wewfbœ cÖKvi g¨vwUª· Gi eY©bv Ki‡Z cvi‡eb| 

g¨vwUª·  

Matrix 

g¨vwUª· n‡”Q msL¨v ev cÖZxK ev exRMwYZxq ivwk‡K `yBwU eÜbxi gva¨‡g mvwi (Row) ev Kjv‡gi (Column)  

AvqZvKvi mvRv‡bv e¨e ’̄v| g¨vwUª· e¨envi Ki‡Z mvaviYZ Z…Zxq [ ] ev cÖ_g eÜbx () A_ev cÖZxK e¨enviKiv 

nq|  †h msL¨v ev ivwk wb‡q g¨vwUª· MwVZ nq Zv‡`i‡K g¨vwUª‡·i f~w³ (entry) ev Dcv`vb (element) ejv nq| 

Dcv`vb¸‡jv‡K a11, a12, a21, a22 BZ¨vw` Øviv cÖKvk Kiv nq| GQvov g¨vwUª·‡K Bs‡iRx eo Aÿi ev Capital 

Letter Gi Øviv cÖKvk Kiv nq| †hgb, A = 








2221

1211

aa

aa
B = 









50

21
`yBwU g¨vwUª·| 

mvaviYfv‡e g¨vwUª· [aij] Øviv m~wPZ nq| †hLv‡b i = 1, 2, .........m mvwi msL¨v Ges j = 1, 2, ..........nKjvg msL¨v| 

A_©vr, A = [ aij ]mn = 























mnmmm

n

n

n

aaaa

aaaa

aaaa

aaaa

.......

.................

........

.......

.......

321

3333231

2232221

1131211

 

GLv‡b g¨vwUª‡·i mvwi msL¨v m Ges Kjvg msL¨v n n‡j g¨vwUª·wUi gvÎv mn n‡e Ges co‡Z n‡e m evB n| A_©vr 

g¨vwUª‡·i gvÎv ev µg (Order)= mvwiKjvg| 

†hgb, A = 








53

12
  B = 









104

432
  

GLv‡b cÖ`Ë A g¨vwUª· Gi mvwi msL¨v 2 Ges Kjvg msL¨v 2 myZivs A g¨vwUª·wUi gvÎv (Order) 22| GKBfv‡e B 

g¨vwUª·wUi gvÎv (Order) 23| 

wewfbœ cÖKv‡ii g¨vwUª· (Different types of Matrices) 

(i) eM©vKvi ev eM© g¨vwUª· (Square Matrix): †h g¨vwUª‡·i mvwi msL¨v I Kjvg msL¨v mgvb _v‡K ZLb Zv‡K eM© 

g¨vwUª· ejv nq| †hgb :22 g¨vwUª·; 33 g¨vwUª·; mn g¨vwUª·. 

†hgb, 











13

21
A , 



















klh

gfe

cba

B h_vµ‡g 22 Ges33 eM©vKvi g¨vwUª·| 

cvV-8.1 
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(ii) KY© g¨vwUª· (Diagonal Matrix): hLb †Kvb eM©vKvi g¨vwUª· Gi cÖavb †KŠwYK Dcv`vbmg~n e¨ZxZ Ab¨vb¨ 

mKj Dcv`vbB k~Y¨ (0) _v‡K ZLb H g¨vwUª·‡K KY© g¨vwUª· ejv nq|  

†hgb, 









20

01
A ,



















200

010

001

B



















400

000

003

C BZ¨vw` KY© g¨vwUª·| 

 

(iii) †¯‹jvi g¨vwUª· (Scalar Matrix): †h KY© g¨vwUª‡·i cÖavb K‡Y©i me¸‡jv Dcv`v‡bi gvb mgvb I Ak~Y¨ nq 

ZLb Zv‡K †¯‹jvi g¨vwUª· ejv nq| †hgb,   















10

01
A , 



















200

020

002

B ,



















a

aC

00

00

003

BZ¨vw` †¯‹jvi g¨vwUª·| 

(iv) GKK g¨vwUª· evA‡f` g¨vwUª· (Unit Matrix or Indendity Matrix): †h g¨vwUª· Gi K‡Y©i me¸‡jv 

Dcv`vbB GK (1) Ges Ab¨vb¨ Dcv`vb¸‡jv k~Y¨ (0) †mB g¨vwUª·‡K GKK g¨vwUª· ev Indendity Matrix ejv 

nq| A‡f` g¨vwUª·‡K I Øviv cÖKvk Kiv nq|mKj A‡f` g¨vwUª·B †¯‹jvi ev KY© g¨vwUª·| 

†hgb, 









10

01
1I , 



















100

010

001

2I

 

BZ¨vw` A‡f` g¨vwUª·| 

(v) DaŸ© wÎfzR AvK…wZi g¨vwUª· (Upper Triangular Matrix): †h eM© g¨vwUª‡·i cÖavb K‡Y©i bx‡Pi mKj 

Dcv`vb k~Y¨ (0) nq Zv‡K EaŸ© wÎfzR AvK…wZi g¨vwUª· ejv nq| G‡ÿ‡Î aij= 0 hLb i>j 

†hgb, 0

0 0

a b c

A d e

f

 
 


 
  

, 



















500

210

432

B   

(vi) wb¤œwÎfzRAvK…wZi g¨vwUª· (Lower Triangular Matrix):†h eM© g¨vwUª‡·i cÖavb K‡Y©i Dc‡ii Dcv`vb¸‡jv 

k~Y¨ (0) Gi nq Zv‡K wb¤œwÎfzR AvK…wZi g¨vwUª· ejv nq| G‡ÿ‡Î aij= 0 hLb i<j. 

†hgb, 



















521

043

002

A , 



















cba

zy

x

B 0

00

  

(vii) k~Y¨ g¨vwUª· (Zero Matrix):†h g¨vwUª· Gi mvwi I Kjv‡gi cÖwZwU Dcv`vb k~Y¨ (0) nq ZLb Zv‡K k~Y¨ 

g¨vwUª· ejv nq| †hgb, 









00

00
A , 



















000

000

000

B   

(vii) iƒcvšÍwiZ ev UªvÝ‡cvR g¨vwUª· (Transpose of Matrix): †Kvb g¨vwUª· Gi mvwi¸‡jv‡K Kjv‡g Ges 

Kjvg¸‡jv‡K mvwi‡Z iƒcvšÍwiZ Kiv n‡j †h g¨vwUª·wU cvIqv hv‡e, †mB g¨vwUª·‡K g~j g¨vwUª· Gi iƒcvšÍwiZ g¨vwUª· 

ev Transpose of Matrix ejv nq| Transpose †K [] Prime wPý Øviv cÖKvk Kiv nq|  
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†hgb, 









dcba
A

4321
, 





















d

c

b

a

B

4

3

2

1

 

B  g¨vwUª·wU n‡jv A g¨vwUª·wUi iƒcvšÍwiZ g¨vwUª·| 

Avevi, 



















102

876

543

B n‡j



















185

074

263

B B g¨vwUª·wU n‡jv B g¨vwUª·wUi iƒcvšÍwiZ g¨vwUª·|  

(ix) cÖwZmg g¨vwUª· (Symmetric Matrix): †h g¨vwUª‡·i mvwi‡K Kjv‡g Ges Kjvg‡K mvwi‡Z iƒcvšÍi Ki‡j Avw` 

g¨vwUª·wUi †Kvb cwieZ©b nq bv Zv‡K cÖwZmg g¨vwUª· ejv nq| A_©vr, GKwUeM© g¨vwUª‡·i UªvÝ‡cvR g¨vwUª· GKB 

n‡j ( A= A) Zv‡K cÖwZmg g¨vwUª· ejv nq| cÖwZmg g¨vwUª‡·i †ÿ‡Î aij = aji 

†hgb,



















405

032

521

A , 



















cgf

gbe

jea

B   

(x) wecÖwZmg ev AcÖwZmg g¨vwUª· (Skew-symmetric Matrix): †h eM© g¨vwUª· Gi Abyf~wgK mvwii Dcv`vb 

(Row) Ges Dj¤^ mvwii (Column) Dcv`vbmg~n GKB gv‡bi wecixZ wPý hy³ nq Ges cÖavb †KŠwYK Dcv`vbmg~‡ni 

gvb k~Y¨ nq Z‡e H g¨vwUª· †K wecÖwZmg ev AcÖwZmg g¨vwUª· ejv nq|  

†hgb, 

0 2 5

2 0 0

5 0 0

A

  
 


 
  

, 

0

0

0

e f

B e g

f g

 
 

  
 
  

 

Skew symmetry matrix-Gi Gÿ‡Î aij =aji hLb ij Ges aij = 0 hLb i = j 

(xi) Kjvg g¨vwUª· (Column Matrix): †h g¨vwUª· Gi †KejgvÎ GKwU Kjvg _v‡K, Zv‡K Column Matrix ejv 

nq| †hgb, 



















c

b

a

A    

(xii) mvwi ev Abyf~wgK g¨vwUª· (Row Matrix): †h g¨vwUª· Gi mvwii msL¨v GKwU Zv‡K mvwi g¨vwUª· ev Row 

Matrix ejv nq| †hgbÑA = [ 1   2  3 ], B = [ abc ]. Row Matrix †K Row vector I ejv nq| 

(xiii) GKvZ¡‡evaK g¨vwUª· / e¨wZµgx g¨vwUª· (Singular Matrix): hw` †Kvb g¨vwUª· Gi wbY©vq‡Ki gvb k~Y¨ nq 

Z‡e Zv‡K e¨wZµgx g¨vwUª· ev Singular Matrix ejv nq| †hgb, 









32

32
A GLv‡b, 0A    

(xiv) Ae¨wZµgx g¨vwUª· (Non-singular Matrix): hw` wbY©vq‡Ki gvb k~Y¨ bv nq A_©vr, 0A ZLb Zv‡K 

Ae¨wZµgx g¨vwUª· ev Non-singular Matrix ejv nq| †hgb, 











13

21
A GLv‡b, 7A

 

(xiv) Dc g¨vwUª· (Sub Matrix): GKwU g¨vwUª‡·i †h †Kvb Dcv`vb wb‡q MwVZ Aci g¨vwUª·‡K Avw` g¨vwUª‡·i  

Dcg¨vwUª· ejv nq| †hgb, 



















310

121

321

A , Sub Matrix of 









10

21
A
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(xv) mgNvwZ g¨vwUª· (Idempotent Matrix): GKB g¨vwUª·‡K evi evi ¸Y Kivi d‡j ¸Ydj hw` Avw` g¨vwUª· 

nq ZLb H Matrix †K Idempotent Matrix ejv nq| A_©vr GKwU eM© g¨vwUª· A Gi Rb¨ A.A = A n‡j Zv‡K 

mgNvwZ g¨vwUª· ev Idempotent Matrix ejv nq|  

†hgb, 



















100

010

001

A GKwU mgNvwZ g¨vwUª· AAA . Ges

























321

431

422

B GKwU mgNvwZ g¨vwUª· BBB .   

(xvi) A_©‡Mvbvj g¨vwUª· (Orthogonal Matrix): hw` †Kvb g¨vwUª·‡K Zvi iƒcvšÍwiZ g¨vwUª· (A) Øviv ¸Yb Ki‡j 

¸Ydj hw` GKK g¨vwUª· nq A_ev hw` †Kvb iƒcvšÍwiZ g¨vwUª· Zvi wecixZ g¨vwUª· Gi mgvb nq Z‡e Zv‡K 

Orthogonal Matrix ejv nq| A_©vr, AA = I A_ev A = A-1
 

(xvii) Dj¤^ g¨vwUª· (Vertical Matrix): †h Matrix Gi Kjvg msL¨v A‡cÿv mvwi msL¨v AwaK _v‡K, Zv‡K Dj¤^ 

g¨vwUª· ejv nq| †hgb, 



















40

12

31

A   

(xviii) wecixZ g¨vwUª· (Inverse Matrix): GKwUeM© g¨vwUª‡·i wecixZ g¨vwUª· cvIqv hv‡e hw` Zv Ae¨wZµgx nq 

A_©vr wbY©vqK k~Y¨ bv nq| Ae¨wZµgx g¨vwUª· A Gi Rb¨ hw` Ggb g¨vwUª· B cvIqv hvq †hb AB=BA=I nq Zvn‡j 

B g¨vwUª·wU‡K A g¨vwUª‡·i wecixZ g¨vwUª· ejv nq| A g¨vwUª· Gi wecixZ g¨vwUª·‡K A-1 
Øviv m~wPZKiv nq Ges 

A.A-1 = A-1.A = I. 

Avevi A-1 = 
(Adjoint Matrix )

| |

A A

A

msh³y  g¨vwU·  

 (xix) mn¸YK g¨vwUª· (Cofactor Matrix): †KvbeM© g¨vwUª‡·i cÖwZwU Dcv`v‡bi mn¸YK wbY©q K‡i Zv‡`i mgš^‡q 

MwVZ g¨vwUª·‡K mnM¸Y Kg¨vwUª· ejv nq|  

†hgb, 



















333231

232221

131211

aaa

aaa

aaa

A

 

mn ¸YK g¨vwUª· 



















333231

232221

131211

AAA

AAA

AAA

A   

(xx) mshy³ g¨vwUª· (Adjoint Matrix): †Kvb g¨vwUª‡·i cÖwZwU Dcv`vbmg~‡ni Transpose Matrix-Øviv MwVZ 

g¨vwUª‡·i iƒcvšÍwiZ ev Transpose Matrix †K mshy³ g¨vwUª· ev Adjoint Matrix ejv nq|  

Adjoint Matrix of A = Cofactor Matrix of 1A . 
 

 

mvims‡ÿc:  

 g¨vwUª· n‡”Q msL¨v ev cÖZxK ev exRMwYZxq ivwk‡K ỳBwU eÜbxi gva¨‡g mvwi (Row) ev Kjv‡gi (Column)  

AvqZvKvi mvRv‡bv e¨e ’̄v| 

 †h g¨vwUª‡·i mvwi msL¨v I Kjvg msL¨v mgvb _v‡K ZLb Zv‡K eM© g¨vwUª· ejv nq| 

 hLb †Kvb eM©vKvi g¨vwUª· Gi cÖavb †KŠwYK Dcv`vb mg~n e¨ZxZ Ab¨vb¨ mKj Dcv`vbB k~Y¨ (0) _v‡K 

ZLb H g¨vwUª·‡K KY© g¨vwUª· ejv nq|   
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 g¨vwUª‡·i wewfbœ Kvh©µg 

Operation on Matrices 
 

 

D‡Ïk¨ 

 

G cvV †k‡l Avcwb-  

 g¨vwUª‡·i mgZv Kx ej‡Z cvi‡eb; 

 g¨vwUª‡·i †hvM-we‡qvM wbY©q Ki‡Z cvi‡eb; 

 g¨vwUª‡·i ¸Y wbY©q Ki‡Z cvi‡eb|  

g¨vwUª‡·i Kvh©µg 
Operation on Matrices 

 

g¨vwUª‡·i Kvh©µg ej‡Z cÖavbZ g¨vwUª‡·i mgZv, †hvM, we‡qvM I ¸Yb m¤úwK©Z mgm¨vi mgvavb eySvq| g¨vwUª· 

msµvšÍ KwZcq wbqg i‡q‡Q †m mKj wbqg¸‡jv‡K g¨vwU&ª· Kvh©µg eve¨env‡ii †gŠwjK wbqg ejv nq| 

g¨vwUª‡·i mgZv (Equality of Matrices): `yBwU g¨vwUª· mgvb n‡e hw` Zv‡`i AvKvi (order) GKB nq Ges 

mswkøó Dcv`vbmg~n mgvb nq| A_©vr A g¨vwUª· Gi mKj Dcv`b B g¨vwUª· Gi mKj Dcv`v‡bi mgvb n‡e|  



















333231

232221

131211

aaa

aaa

aaa

A Ges



















333231

232221

131211

bbb

bbb

bbb

B  

AI B ỳBwU ZLbB mgvb n‡e hLb:  

a11 = b11,   a12 = b12, a13 = b13,  a21 = b21,   a22 = b22,  a33 = b33,   a31 = b31,    a32 = b32,  a33 = b33 

g¨vwUª‡·i †hvM-we‡qv‡Mi wbqgvejx (Laws of Addition and Subtraction of Matrices):  

(K) `yBwU g¨vwUª‡·i AvKvi GKB n‡j Zv‡`i g‡a¨ †hvM I we‡qvM Kiv hvq|  

(L) †hvMdj ev we‡qvMdj n‡”Q mswkøó Dcv`vb¸‡jvi †hvMdj ev we‡qvMdj|  

†hgb: 









210

321
A

23

,











335

123
B

23

  

A I B g¨vwUª‡·i Order GKB|  















323150

132231
BA 










545

444
  















323150

132231
BA 














125

202
  

Avevi, 

1 1

2 2
A

 
  
  22

Ges 









032

311
B

23

  

GLv‡b, ỳBwUi AvKvi (Order) h_vµ‡g 22 Ges 23 

†h‡nZz, AvKvi mgvb bq ZvB G‡`i †hvM, we‡qvM Kiv hv‡ebv|  

cvV-8.2 
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g¨vwUª‡·i ¸Yb (Multiplication of Matrices) 

(K) †¯‹jvi ¸Yb (Scalar multiplication of a matrix): k †h‡Kvb GKwU aªæeK msL¨v n‡j Ak. ej‡Z Ggb 

GKwU g¨vwUª· eySvq hv A g¨vwUª·wUi mKj Dcv`v‡bi k ¸Y|  



















333231

232221

131211

aaa

aaa

aaa

A

 

n‡j 



















333231

232221

131211

.

kakaka

kakaka

kakaka

Ak  






 


78

34
B

 

n‡j 






 


6372

2736
.9 B  

(L) g¨vwUª‡·i mv‡_ g¨vwUª‡·i ¸Yb (Multiplication of Matrices):  

(i) ỳBwU g¨vwUª· Gi g‡a¨ ¸Yb ZLbB m¤¢e hLb cÖ_g g¨vwUª·-Gi Kjvg msL¨v wØZxq g¨vwUª‡·i mvwii msL¨vi 

mgvb n‡e| Ab¨_vq `yBwU g¨vwUª‡·i ¸Yb m¤¢e bq| 

A g¨vwUª· Gi AvKvi (order) 23 Ges B g¨vwUª· Gi AvKvi (order) 33 n‡j, Zv‡`i ¸Ydj AB g¨vwUª· Gi 

AvKvi (order) n‡e 23|  

(ii) ¸Y Kivi mgq cÖ_g g¨vwUª· Gi 1g mvwii mv‡_ wØZxq g¨vwUª· Gi 1g Kjv‡gi Dcv`vbmg~‡ni mv‡_ ¸Y K‡i 

†hvM Ki‡Z n‡e| GB †hvMdj bZzb g¨vwUª· Gi 1g mvwi Ges 1g Kjv‡gi Dcv`vb n‡e| AZtci cÖ_g g¨vwUª· Gi 

1g mvwi wVK †i‡L wØZxq g¨vwUª‡·i 2q Kjvg ¸Y K‡i †hvM Ki‡j cvIqv hv‡e bZzb g¨vwUª· Gi 1g mvwi 2q 

Kjv‡gi Dcv`vb| Abyiƒcfv‡e 3q Kjvg ¸Y K‡i †hvM Ki‡j cvIqv hv‡e bZzb g¨vwUª‡·i 1g mvwi 3q Kjv‡gi 

Dcv`vb| cieZx©‡Z cÖ_g g¨vwUª‡·i 2q mvwii mv‡_ Abyiƒcfv‡e wØZxq g¨vwUª‡·i 1g Kjvg, 2q Kjvg Ges 3q 

Kjvg ¸Y K‡i †hvM Ki‡Z n‡e| me©‡k‡l cÖ_g g¨vwUª‡·i 3q mvwii mv‡_ c~‡e©i b¨vq wØZxq g¨vwUª‡·i Kjv‡gi mv‡_ 

¸b K‡i †hvM Ki‡Z n‡e|  

D`vniY 1: hw` 









31

52
A Ges 













23

11
B nq Zvn‡j AB -Gi gvb wbY©q Kiæb| 

mgvavb: Zvn‡j, 









31

52
AB 













23

11














23)1(1)3(311

25)1(2)3(512

  















6191

102152
AB 














58

813

 

D`vniY 2: hw` 









432

cba
P

23

Ges 



















z

y

x

Q

31

Zvn‡j P
 ¸Yb Q wbY©q Kiæb| 

mgvavb: †`Iqv Av‡Q, 









432

cba
P

23

Ges  



















z

y

x

Q

31  

      















zyx

czbyax
PQ

432
21

  

D`vniY 3: hw` 









412

320
A

 

Ges 









541

367
B

 

n‡j BA Gi gvb wbY©q Kiæb| 

mgvavb: 


















541

367

412

320
BA

 















544112

336270  











953

687
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D`vniY 4: hw` 









214

522
A nq Zvn‡j A3 Gi gvb wbY©q Kiæb|

 

mgvavb: GLv‡b 









214

523
A

 

UªvÝ‡cvR g¨vwUª· 



















25

12

43

A



















615

36

129

.3 A

 

D`vniY 5: hw` 























654

432

113

A Ges



















961

241

131

B nq Zvn‡j †`Lvb †h, BAAB  |

 

mgvavb:























654

432

113

AB

















961

241

131  =























54104362012654

366224126432

923649113 =















 

60447

44429

473  

 



















961

241

131

BA





















654

432

113

























92414518136123

1216110121883

6121591463 =

















 776421

27233

17155

 

  ABBA (cÖgvwYZ) 

D`vniY 6: †`Lvb †h, 

























321

431

422

A GKwU mgNvwZ g¨vwUª· ev Idempotant matrix | 

mgvavb: mgNvwZ g¨vwUª· †`Lv‡Z n‡j, A2 =A.A= A cÖgvY Ki‡Z n‡e| 

GLb, A2 = A.A 

























321

431

422























321

431

422

























984662322

12124892432

1288864424

A

























321

431

422  

 g¨vwUª· A  mgNvwZ g¨vwUª· ev Idempotant matrix. 

D`vniY 7: hw` 






 


203

132
A

,



















2

1

1

B Ges  21 C
 
nq Zvn‡j †`Lvb †h, )()( BCACAB  .

 

mgvavb: 






 


203

132
AB

















2

1

1















403

232










7

3
   

GLb,    21
7

3
. 








CAB 














147

63
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Avevi,  










































42

21

21

21

2

1

1

BC

 

GLb, 






 


203

132
).(     BCA























42

21

21















806403

464232














147

63
 

myZivs, (AB) C = A(BC) (cÖgvwYZ) 

D`vniY 8: hw` 









34

19
A

, 











127

51
B nq Zvn‡j 3A+5B+x=0 Gi †_‡K x gvb wbY©q Kiæb| 

mgvavb: †`Iqv Av‡Q, 3A + 5B + x = 0 

  x = – 3A – 5B 

 
GLb, 



















127

51
5

34

19
3x  

   




















6035

255

912

327














6093512

253527










6947

2832

 

             















6947

2832
x  

D`vniY 9: hw` Ixxxf 45)( 2  Ges 

2 0 2

0 1 1

1 0 0

B

 
 

 
 
  

Zvn‡j Gi )(Bf gvb wbY©q Kiæb|

 

mgvavb: IBBBf 45)( 2   

 

Avgiv Rvwb, 



















100

010

001

I

 

GLb,





































001

110

202

001

110

202
2B

   

= 









































202

111

406

002000002

010010100

004000204
 

 

IBBBf 45)( 2   

6 0 4 2 0 2 1 0 0

1 1 1 5 0 1 1 4 0 1 0

2 0 2 1 0 0 0 0 1

     
     

    
     
          
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





















































400

040

004

005

550

10010

202

111

406

 

























402000052

051451001

01040004106

























603

6101

600

 

D`vniY 10: †Kvb GKwU †`vKv‡bi wZb w`‡bi wewfbœ eªv‡Ûi Kjg weµ‡qi Z_¨ wb‡¤œi ZvwjKvq †`Lv‡bv n‡jv:

 

 Kj‡gi msL¨v 

w`b cvBjU B‡qv_ gb‡U· g¨vUv‡Wvi 

1g w`b 3 4 10 20 

2q w`b 2 3 15 20 

3q w`b 1 5 12 14 

cÖwZ Kj‡g jvf (UvKvq) 0.50 0.75 0.50 0.40 

g¨vwUª‡·i mvnv‡h¨ †`vKv‡bi wZb w`‡bi jvf wbY©q Kiæb| 

mgvavb:



















141251

201532

201043

P  , 























40.0

50.0

75.0

50.0

Q  

AZGe, †gvU jvf = 𝑃 × 𝑄 








































40.0

50.0

75.0

50.0

141251

201532

201043

























6.5675.350.

85.725.21

8535.1



















85.15

75.18

5.17

 

 

 

mvims‡ÿc:  

 `yBwU g¨vwUª· mgvb n‡e hw` Zv‡`i AvKvi (order) GKB nq Ges mswkøó Dcv`vbmg~n mgvb nq| A_©vr A 

g¨vwUª· Gi mKj Dcv`b B g¨vwUª· Gi mKj Dcv`v‡bi mgvb nq| 

 `yBwU g¨vwUª‡·i AvKvi GKB n‡j Zv‡`i g‡a¨ †hvM I we‡qvM Kiv hvq| †hvMdj ev we‡qvMdj n‡”Q mswkøó 

Dcv`vb¸‡jvi †hvMdj ev we‡qvMdj| 

 ỳBwU g¨vwUª· Gi g‡a¨ ¸Yb ZLbB m¤¢e hLb cÖ_g g¨vwUª·Gi Kjvg msL¨v wØZxq g¨vwUª‡·i mvwii msL¨vi 

mgvb n‡e| Ab¨_vq ` yBwU g¨vwUª‡·i ¸Yb m¤¢e bq| 

 A g¨vwUª· Gi AvKvi (order) 23 Ges B g¨vwUª· Gi AvKvi (order) 33 n‡j, Zv‡`i ¸Ydj AB g¨vwUª· 

Gi AvKvi (order) n‡e 23| 
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 wbY©vqK 

Determinant  

 

D‡Ïk¨ 

 

G cvV †k‡l Avcwb-  

 wbY©vqK Kx Zv eY©bv Ki‡Z cvi‡eb; 

 wbY©vq‡Ki Abyivwk Ges mn¸YK wbY©q Ki‡Z cvi‡eb; 

 mviv‡mi wP‡Îi gva¨‡g wbY©vqK wbY©q Ki‡Z cvi‡eb; 

 g¨vwUª· Ges wbY©vq‡Ki g‡a¨ cv_©K¨ wjL‡Z cvi‡eb| 

wbY©vq‡Ki aviYv 

Concept of Determinant 

wZbwU Pj‡Ki wZbwU mij mnmgxKi‡Yi mgvavb m~Î wn‡m‡e MwY‡Z wbY©vq‡Ki Avwef©ve N‡U| cieZ©x‡Z g¨vwUª‡·i 

aviYv I Kvh©wewa Avwef~©Z nq| wLª÷c~e© 3q kZvãx‡Z Pxb‡`kxq MwYZwe`‡`i iwPZ ÒThe Nine Chapters on the 

Mathematical ArtÓ eB‡Z me© cÖ_g wbY©vqK e¨eüZ nq| 

wbY©vqK (Determinant): wbY©vqK n‡”Q eM© g¨vwUª‡·i GKwU we‡kl cÖKv‡ii dvskb| G‡K `yBwU Dj¤^ †iLv 

(Vertical Line) Gi g‡a¨ †jLv nq| A eM© g¨vwUª‡·i wbY©vqK A
 
A_ev Det(A) Øviv m~wPZ Kiv nq|  

†hgb: 








dc

ba

 

g¨vwUª‡·i mswkøó wbY©vqK n‡”Q bcad
dc

ba
A   

GKBfv‡e, 



















321

321

321

ccc

bbb

aaa

A g¨vwUª‡·i mswkøó wbY©vqK n‡”Q 

321

321

321

ccc

bbb

aaa

A   

D‡jøL¨ †h, cÖ‡Z¨KwU wbY©vq‡Ki GKwU gvb Av‡Q| 

wbY©vq‡Ki Abyivwk Ges mn¸YK (Minors and Cofactor of Determinant): 

33321

321

321





ccc

bbb

aaa

A  

cÖ`Ë A wbY©vq‡Ki 9wU Dcv`vb i‡q‡Q| 9wU Dcv`v‡bi g‡a¨ †h‡Kvb GKwU Dcv`v‡bi mswkøó mvwi Ges Kjv‡gi 

mKj Dcv`vb ev` w`‡q Aewkó Dcv`vb¸‡jv w`‡q †h wbY©vqK nq †mwUB D³ Dcv`v‡bi mswkøó Abyivwk (Minor)| 

A_©vr (i,j) Zg Dcv`v‡bi Abyivwk n‡e i Zg mvwi Ges j Zg Kjv‡gi mKj Dcv`vb ev` w`‡q Aewkó Dcv`vb¸‡jv 

wb‡q †h wbY©vqK nq †mwU| 

AZGe A cÖ`Ë wbY©vqKwUi (1,1)Zg Abyivwk n‡e

32

32

cc

bb
 ,

 

GKBfv‡e (2,3)Zg Abyivwk n‡e

21

21

cc

aa
  

Ges (3,2)Zg Abyivwk n‡e

31

31

bb

aa
  

GKBfv‡e 9wU Dcv`v‡bi g¨vwUª· †_‡K 9wU Aby ivwk cvIqv hv‡e| †h‡Kv‡bv GKwU Dcv`v‡bi Abyivwki mvg‡b 

h_vh_ wPý emv‡j Zv‡K H Dcv`v‡bi mn¸YK (Cofactor) ejv nq| 

cvV-8.3 
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wbY©vq‡Ki we Í̄…wZ KiY (Expansion of Determinant): GKwU wbY©vqK‡K Zvi †h‡Kvb GKwU mvwi A_ev GKwU 

Kjv‡gi gva¨‡g we Í̄…Z Kiv hvq| wbY©vq‡Ki we Í̄…wZ n‡”Q GKwU mvwii A_ev Kjv‡gi Dcv`vb¸‡jvi mv‡_ mswkøó 

mnM¸Y‡Ki ¸Ydj¸‡jvi mgwó| 



















321

321

321

ccc

bbb

aaa

A

 

wbY©vq‡Ki 321 ,, aaa      f~w³¸‡jvi mn¸YK h_vµ‡g
321 ,, AAA     n‡j wbY©vq‡Ki gvb n‡e

332211 AaAaAa   

= 

32

32

1
cc

bb
a -

31

31

2
cc

bb
a +

21

21

3
cc

bb
a

 

     122131331223321 cbcbacbcbacbcba   

123213132312231321 cbacbacbacbacbacba   

Z…Zxq gvÎvi wbY©vq‡Ki wPý =







 

D`vniY 1:

098

654

321

A  Gi wbY©vqK wYY©q Kiæb| 

mgvavb:       3066961296544036348025401
98

54
3

08

64
2

09

65
1

098

654

321

A  

mviv‡mi wP‡Îi gva¨‡g wbY©vq‡Ki we Í̄…wZ (Expansion of a Determinant using Sarrus Diagram)  

 

 



















321

321

321

ccc

bbb

aaa

A

 

wbY©vq‡Ki Rb¨ Gi mviv‡mi wPÎ 

 

GKB Zxi wPý eivei Dcv`vb wZbwU ¸Y n‡e| Dci †_‡K wb‡P Zxi wPý eivei ¸Yd‡ji c~‡e© Ô+Õ wPý Ges wbP 

†_‡K Dc‡i ¸Yd‡ji c~‡e© ÔÑÕ wPý ewm‡q QqwU ¸Ydj †hvM Ki‡jB wbY©vqKwUi gvb cvIqv hv‡e| 

cÖ`Ë wbY©vqKwUi gvb n‡e 213132321213132321 abcabcabccbacbacba   

D`vniY 2:

098

654

321

A

 

Gi mviv‡mi wP‡Îi gva¨‡g wbY©vqK wbY©q Kiæb| 

mgvavb: wbY©vqK

098

654

321

A

 

Gi mviv‡mi wPÎ

 

1a

 

1b  

1c

 

2a  

2b

 

2c

 

1a

 

1b  

1c

 

2a  

2b

 

2c

 

3a  

3b  

3c

 

1  

4  

8  

2  

5  

9  

1
 

4  

8  

2  

5  

9  

3  

6  

0  
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cÖ`Ë wbY©vqKwUi gvb n‡eÑ  

240169358943862051   

054120108960  33174207   

wbY©vq‡Ki ˆewkó¨ (Properties of Determinants) 

(i) wbY©vq‡Ki mvwi ev Kjvgmg~n ci¯úi ’̄vb wewbgq Ki‡j Zvi gv‡bi †Kv‡bv cwieZ©b nq bv| 

†hgb:

db

ca

dc

ba
 KviY, bcad

dc

ba
 Ges bcad

db

ca
  

 

(ii) wbY©vq‡Ki cvkvcvwk `yBwU mvwi ev Kjv‡gi g‡a¨ ’̄vb wewbgq Ki‡j, †m‡ÿ‡Î wbY©vq‡Ki wP‡ýi cwieZ©b N‡U, 

wKš‘ mvswL¨K gvb GKB _v‡K| 

†hgb: 134
21

32
 Ges 143

12

23
  

Kjvg ỳBwU ’̄vb wewbgq Kivq gvb 1†_‡K Ñ1 n‡q‡Q| 

(iii) wbY©vq‡Ki `yBwU mvwi ev Kjvg Awfbœ n‡j wbY©vq‡Ki gvb k~b¨ n‡e| 

†hgb: 0
yy

xx
Ges 0

65

65
  

(iv) wbY©vq‡Ki †h †Kvb mvwi ev Kjv‡gi me¸‡jv gvb k~b¨ n‡j wbY©vq‡Ki gvb k~b¨ nq| 

†hgb: 0
0

0


b

a
Ges 0

00


yx
 

(v) wbY©vq‡Ki †h †Kvb GKwU mvwi ev Kjv‡gi mKj Dcv`vb‡K GKB aªæeK msL¨vØviv ¸Y Ki‡j wbY©vq‡Ki gvb‡K 

H aªæeK msL¨vØviv ¸Y Kiv‡K wb‡`©k K‡i| 

†hgb: 5
41

32
D GLb 2q Kjvg‡K 3 Øviv ¸Y Ki‡j wbY©vqK n‡e D315924

121

92
  

(vi) †Kvb wbY©vq‡Ki †Kv‡bv mvwi ev Kjv‡gi mKj Dcv`v‡bi †hvMdjiƒ‡c cÖKvk Kiv n‡j, wbY©vqKwU‡K GKvwaK 

wbY©vq‡Ki †hvMdjiƒ‡c cÖKvk Kiv hvq| 

†hgb:

32

32

32

321

321

321

321

321

321

cc

bb

aa

ccc

bbb

aaa

ccc

bbb

aaa

A





















  

(vii) wbY©vq‡Ki †Kv‡bv mvwi ev Kjv‡gi Dcv`vb¸‡jv‡K Aci GKwU mvwi ev Kjv‡gi mswkøó Dcv`vb¸‡jvi mn¸YK 

Øviv ¸Y Ki‡j cÖvß ¸Ydj¸‡jvi exRMwYZxq mgwó k~b¨ n‡e|  

†hgb:

321

321

321

ccc

bbb

aaa

A   

wbY©vqK 0332211  AbAbAb  

†hLv‡b 321 ,, AAA  
h_vµ‡g 321 ,, aaa Gi mn¸YK| 
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g¨vwUª· Ges wbY©vq‡Kig‡a¨ cv_©K¨ (Diffedence between Matrix and Determinant): 

g¨vwUª· wbY©vqK 

(i) g¨vwUª· AvqZKvi ev eM©vKvi n‡Z cv‡i| (i) wbYv©qK †KejgvÎ eM©vKvi n‡q _v‡K| 

(ii)  g¨vwUª·‡K mvaviYZ cÖ_g eÜbx () A_ev Z…Zxq 

eÜbx [ ] A_ev `yB †Rvov Dj¤^ †iLv  Gi mvnv‡h¨ 

cÖKvk Kiv hvq| 

(ii) wbY©vqK‡K †KejgvÎ `yBwU Dj¤^ †iLv  Gi 

mvnv‡h¨ cÖKvk Kiv nq| 

(iii) g¨vwUª‡·i †Kvb gvb †bB| (iii) wbY©vq‡Ki GKwU wbw`©ó gvb Av‡Q|   

(iii) g¨vwUª·‡K †Kvb †¯‹jvi Øviv ¸Y Ki‡j Zvi mKj 

Dcv`vb‡KB H †¯‹jvi Øviv ¸Y Kiv †evSvq| 

†hgb, 

1 2 3 2 3

. 0 1 2 0 2

3 4 1 3 4

k k k

A k k k

k k k

   
   

   
   
      

 

(v) (iv) wbY©vqK‡K †Kv‡bv †¯‹jviØviv ¸Y Ki‡jZvi †h‡Kvb 

GKwU mvwi ev Kjv‡gi mKj Dcv`vb‡K †¯‹jvi Øviv ¸Y 

Kiv †evSvq| 

†hgb, 

143

210

32

143

210

321

. 

kkk

kA  

D`vniY 3:

752

123

598



A Gi wbY©vqK wbY©q Kiæb| 

mgvavb: †`Iqv Av‡Q,

752

123

598



A  

52

23
5

72

13
9

75

12
8





A  

)415(5)221(9)514(8  19523998  9520772  207167 40  

D`vniY 4: cªgvY Kiæb †h, )1()1(

1

1

111
22

42

2  ppp

pp

pp  

mgvavb: evgcÿ

2 2

2 2 1 3 3 2

2 4 2 4 2

1 1 1 1 0 0

1 1 1 , [ , ]

1 1 1

p p p p p C C C C C C

p p p p p

        

 

 

 
  )1(1

)1(1
1

222 




ppp

ppp

, 

[1g mvwii gva¨‡g we Í̄…wZ K‡i] 

     
2

2

1

1
11

p

p
pp   

     
p

ppp
1

11
11 2   

      111 2  pppp  

      111 2  pppp  

     22 11  ppp = Wvbcÿ (cÖgvwYZ) 
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D`vniY 5: †`Lvb †h, 0

1

1

1









bac

acb

cba

 

mgvavb: evgcÿ

bac

acb

cba









1

1

1

 

  

cbac

bacb

acba









1

1

1

233 CC[  C ] 

 

11

11

11

c

b

a

cba    00  cba = Wvbcÿ (cÖgvwYZ) 

D`vniY 6: †`Lvb †h, xyz

zyzy

zzxx

yxyx

4







 

mgvavb: evg cÿ

zyzy

zzxx

yxyx







  

zyzzyzy

zzxzzxx

yxyxyx







 ]CC[ 3211 CC   

zyzz

zzxz

yx





2

2

0

zyz

zyzzzx

yx

z





1

0

0

)2( ]RR[ 322  R  

zyz

yx

yx

z





1

0

0

)2(  

)(1)2( xyxyz  xyz4 = Wvbcÿ (cÖgvwYZ) 

D`vniY 7: 0

223

332

16









xx

xx

x

 

n‡j x Gi gvb wbY©q Kiæb| 

mgvavb: †`Iqv Av‡Q, 0

223

332

16









xx

xx

x
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⇒ 0

223

332

31362









xx

xx

xxx

]RR[ 211  R  

⇒ 0

223

332

)2(1)2(32









xx

xx

xxx

 

⇒ 0

223

332

131

)2( 









xx

xxx  

⇒ 0

32923

23632

11331

)2( 









xx

xxx
2 2 1 3 3 1[C 3C , C C ]C C      

⇒ 0

1923

1)2(32

001

)2( 





xx

xxx

 

⇒ 0

1923

1)2(32

001

)2( 





xx

xxx

 

⇒ 0

1923

1)2(32

001

)1)(2( 





x

xxx

 

⇒ 0)}92()2(3{1)1)(2(  xxxx

 ⇒ 0)9263)(1)(2(  xxxx

 ⇒ 0)155)(1)(2(  xxx

 ⇒ 0)3)(1)(2(5  xxx

 ⇒ 0)3)(1)(2(5  xxx

    ⇒ 2, 1 3x x x    Ges 

    myZivs, x Gi gvb 1, 2 Ges 3  

 

mvims‡ÿc:  

 wbY©vqK n‡”Q eM© g¨vwUª‡·i GKwU we‡kl cÖKv‡ii dvskb| G‡K `yBwU Djø¤^ †iLv (Vertical Line) Gi g‡a¨ 

†jLv nq| 

 g¨vwUª‡·i †Kvb gvb †bB wKš‘ wbY©vq‡Ki GKwU wbw`©ó gvb Av‡Q|   
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 g¨vwUª‡·i i¨v¼ Ges GKNvZ wewkó mgxKi‡Yi mgvavb 

Rank of a Matrix and Solving of Linear Equation 

 
 

 

D‡Ïk¨ 

 

G cvV †k‡l Avcwb-  

 g¨vwUª‡·i i¨v¼ Kx Zv †evS‡Z cvi‡eb; 

 g¨vwUª· Gi i¨v¼ wbY©q Ki‡Z cvi‡eb; 

 g¨vwUª‡·i gva¨‡g GKNvZ wewkó mgxKiY wbY©q Ki‡Z cvi‡eb; 

 †µgvi wbq‡gi gva¨‡g wewfbœ mgm¨v mgvavb Ki‡Z cvi‡eb|  

 

g¨vwUª‡·i i¨v¼ 

Rank of a Matrix 

g¨vwUª· Gi i¨v¼ n‡jv †Kvb g¨vwUª‡·i Ak~b¨ Abyivwki m‡ev©”P µg| †Kvb g¨vwUª· A n‡j Zvi i¨v¼ (Rank)R(A) 

Øviv cÖKvk Kiv nq Ges cov nq Rank of a Matrix A. 

g¨vwUª· Gi i¨v¼ wbY©q c×wZ:  

(i) †KvbeM© g¨vwUª· (Square Matrix)-Gi wbY©vq‡Ki gvb k~b¨ bv n‡j, D³ g¨vwUª‡·i µg (Order) hZ Dnvi i¨v¼ 

(Rank)-I ZZ| A_©vr A GKwU 2×2 g¨vwUª· Ges 0A Z‡e R(A)=2. GKBfv‡e A GKwU 3×3 µ‡gi g¨vwUª· Ges

0A nq, Z‡e R(A)=3| 

(ii) hw` †Kv‡bv g¨vwUª· = Gi wbY©vq‡Ki gvb k~b¨ nq Ges AšÍZc‡ÿ GKwU Abyivwk k~‡b¨i mgvb bv nq Z‡e 

g¨vwUª‡·i i¨v¼ n‡e D³ g¨vwUª‡·i µ‡gi †P‡q (1) GK Kg| A_©vr A GKwU 3×3 µ‡gi g¨vwUª· hvi 0A Ges 

Gi GKwU Abyivwk (Minor) Gi wbY©vqK k~b¨ bq| d‡j A g¨vwUª‡·i i¨v¼ n‡e R(A) = 2| 

hw` A  g¨vwUª‡·i µg 2×2 nq Z‡e R(A) = 1| 

(iii) hw` g~jeM© g¨vwUª‡·i wbY©vq‡Ki gvbk~b¨ nq Ges me¸‡jv Abyivwki wbY©vqK k ~b¨ n‡j Zvi i¨v¼ g¨vwUª‡·i 

µ‡gi †P‡q 2 Kg n‡e| 

D`vniY 1: wb¤œwjwLZ g¨vwUª·¸‡jvi i¨v¼ wbY©q Kiæb| 

(i)



















100

010

001

A   (ii)

























1011

211

211

B   

 

mgvavb:(i) †`Iqv Av‡Q,



















100

010

001

A

,  

  
100

010

001

 A

 

1
00

10
1

10

00
0

10

01
1  A  

myZivs,g¨vwUª· A Gi i¨v¼ 3. 

(ii) †`IqvAv‡Q, 

























1011

211

211

B  

1011

211

211







 B
11

11
2

101

21
1

101

21
1










  

)11(2)210(1)210(1  01212  0 B

 
GLv‡b, 0B wKš‘ 0

21

21



, myZivs, B g¨vwUª· Gi i¨v¼ 2. 

cvV-8.4 
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GKNvZ wewkó mgxKiY (Linear Equation): wb‡¤œ GKNvZ wewkó wZbwU mgxKiY †`Iqv n‡jv: 

).........(..........1313212111 idxaxaxa   

).......(..........2323222121 iidxaxaxa   

)......(..........3333232131 iiidxaxaxa   

GLb Dc‡ii mgxKiY¸‡jv‡K g¨vwUª‡·i mvnv‡h¨ mvwR‡q cvBÑ 



















































3

2

1

3

2

1

333231

232221

131211

d

d

d

x

x

x

aaa

aaa

aaa

 

g‡b Kiæb, A

aaa

aaa

aaa



















333231

232221

131211

,mnM g¨vwUª· X

x

x

x



















3

2

1

, PjK m¤^wjZ g¨vwUª· C

d

d

d



















3

2

1

aªæeK g¨vwUª·| 

myZivs, Dc‡ii m¤úK©wU wb¤œwjwLZfv‡e wjL‡Z cviv hvq, AX=C 

CAX 1  

myZivs, PjK g¨vwUª· Gi gvb wecixZ g¨vwUª· Ges aªæeK g¨vwUª· Gi ¸Ydj| 

D`vniY 2: wb¤œwjwLZ GKNvZ wewkó mgxKiY¸‡jvi g¨vwUª· Gi gva¨‡g mgvavb Kiæb| 

823

632

932

321

321

321







xxx

xxx

xxx

 

mgvavb: †`Iqv Av‡Q,

823

632

932

321

321

321







xxx

xxx

xxx

 

myZivs, g¨vwUª· Gi gva¨‡g †jLv hvq,



















































8

6

9

213

321

132

3

2

1

x

x

x

 

myZivs, g¨vwUª· Gi gva¨‡g †jLv hvq,AX=C †hLv‡b, A mnM g¨vwUª·, X PjK m¤^wjZ g¨vwUª· Ges C aªyeK g¨vwUª·|  

CAX 1

 
GLb, 



















213

321

132

A  

      18521261923342

213

321

132

A  

†h‡nZz, 0A | myZivs,
1A wbY©q Kiv m¤¢e| 

myZivs, A Gi mn¸YK¸‡jv n‡jv wb¤œiƒcÑ 
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,5
13

21
,7

23

31
,1

21

32
131211  AAA  

,7
13

32
,1

23

12
,5

21

13
232221  AAA  

1
21

32
,5

31

12
,7

32

13
333231  AAA  

























157

715

571
TA  

1

1 7 5
1

5 1 7
18

7 5 1

TA
A

A



 
 

   
 
  

 

CAX 1  

⇒
1

2

3

1 7 5 9 9 42 40 11
1 1 1

5 1 7 6 45 6 56 17
18 18 18

7 5 1 8 63 30 8 41

x

x

x

           
         

      
         
                      

myZivs, 1

11

18
x  , 2

17

18
x  Ges 3

41

18
x   

D`vniY 3: mgxKiY¸‡jvi g¨vwUª· Gi gva¨‡g mgvavb Kiæb, 

15435

923

52







zyx

zyx

zyx

 

mgvavb: †`Iqv Av‡Q, 

15435

923

52







zyx

zyx

zyx

 

myZivs, g¨vwUª· Gi gva¨‡g †jLv hvq,























































15

9

5

435

213

121

z

y

x

 

myZivs, g¨vwUª· Gi gva¨‡g †jLv hvq,AX=B †hLv‡b, A mnM g¨vwUª·, X  PjK m¤^wjZ g¨vwUª· Ges B aªyeK 

g¨vwUª·|   

BAX 1  , GLb,























435

213

121

A ,  

      281441059110122641

435

213

121





A  

†h‡nZz, 0A | myZivs, 
1A wbY©q Kiv m¤¢e| 



evsjv‡`k Dš§y³ wek^we`¨vjq   e¨e ’̄vcKxq wm×všÍ MÖn‡Y MwYZ 

BDwbU AvU c„ôv 164 

myZivs, A Gi mn¸YK¸‡jv n‡jvÑ 

𝐴11 = |
−1 2
3 4

| = −4 − 6 = −10, , 𝐴12 = − |
3 2
5 4

| = −(12 − 10) = −2, 𝐴13 = |
3 −1
5 3

| = 9 + 5 =

14,𝐴21 = − |
2 −1
3 4

| = −(8 + 3) = −11, 𝐴22 = |
1 −1
5 4

| = 4 + 5 = 9, 𝐴23 = − |
1 2
5 3

| = (3 − 10) =

7, 𝐴31 = |
2 −1

−1 2
| = 4 − 1 = 3, 𝐴32 = − |

1 −1
3 2

| = −(2 + 3) = −5, 𝐴33 = − |
1 2
3 −1

| = −1 − 6 =

−7 

























7714

592

31110
TA

 























 

7714

592

31110

28

11A  

BAX 1  

⇒[
𝑥
𝑦
𝑧

] =
1

−28
[
−10 −11 3
−2 9 −5
14 7 −7

] [
5
9

15
]=

1

−28
[
−50 − 99 + 45
−10 + 81 − 75
70 + 63 − 105

] =
1

−28
[
−104

−4
28

] = [

26

7
1

7

−1

]

 myZivs, 𝑥 =
26

7
, 

7

1
y Ges 1z

 

†µgv‡ii wbqg (Cramer’s Rule): †µgv‡ii wbq‡g mn-mgxKi‡Yi mgvavb Kiv hvq| eZ©gv‡b GwU GKwU 

¸iæZ¡c~Y© c×wZ wn‡m‡e ¯̂xK…Z| hLb †Kvb eM©vKvi g¨vwUª‡·i cwiwa Lye eo nq ZLb wecixZ g¨vwUª· wbY©q Kiv LyeB 

RwUj nq| G Ae ’̄vq †µgv‡ii wbq‡g AwZ mn‡RB GKNvZ wewkó mgxKi‡Yi mgvavb Kiv hvq| 

†µgv‡ii wbq‡g mn-mgxKi‡Yi mgvavb wbY©q Kivi mgq wb¤œwjwLZ c`‡ÿc MÖnY Kiv nq: 

cÖ_g avc: mgxKiY¸‡jv g¨vwUª· G iƒcvšÍi Ki‡Z n‡e| 

wØZxq avc: mnM g¨vwUª·‡K A bvg KiY Ki‡Z n‡e| AZtci mnM g¨vwUª· Gi wbY©vqK A
 

wbY©q Ki‡Z n‡e| 

Z…Zxq avc: cÖ_‡g †h Pj‡Ki gvb wbY©q Kiv n‡e †mB mnM Kjvg‡K cwieZ©b K‡i †mLv‡b PjK g¨vwUª· cÖwZ ’̄vcb 

K‡i 1A
 
bvg KiY Ki‡Z n‡e|   

1A Gi wbY©vqK 1A wbY©q Ki‡Z n‡e| Abyiƒcfv‡e, 2A g¨vwUª‡·i 2A Ges 3A g¨vwUª‡·i 3A wbY©vqK wbY©q Ki‡Z  

n‡e| 

PZz_© avc: me©‡kl PjK wZbwUi gvb wbY©q Ki‡Z n‡e| 

A_©r, 
1 2 3

1 2 3, ,
A A A

x x x
A A A

    

D`vniY 4: mgxKiY¸‡jv †µgv‡ii wbq‡g mgvavb Kiæb, 

12

52

42







zyx

zyx

zyx

 

mgvavb: †`Iqv Av‡Q, 

12

52

42







zyx

zyx

zyx

 GLv‡b, 

























211

121

112

A  
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6116)21(1)12(1)14(2

211

121

112









 A  

GLb, 03912)25(1)110(1)14(4

211

125

114

1 







A  

184418)51(1)12(4)110(2

211

151

142

2 



 A  

6446)21(4)51(1)52(2

111

521

412

3 







 A  

1 2 30 18 6
0; 3; 1

6 6 6

A A A
x y z

A A A
          

  
 

myZivs, wb‡Y©q mgvavb (x,y,z) = (0,3,1)| 

D`vniY 5: mgxKiY¸‡jv †µgv‡ii wbq‡g mgvavb Kiæb, 

1132

733

52







zyx

zyx

zyx

 

mgvavb: †`Iqv Av‡Q, 

1132

733

52







zyx

zyx

zyx

 GLv‡b, 























132

313

121

A
 

0151167)29(1)63(2)61(1

132

313

121





 A  

myZivs, GwUi mgvavb m¤¢e|GLb, 

       30325250112113372915

1311

317

125

1 



A  

      30191526143316353371

1112

373

151

2 



A  

     3

1 2 5

3 1 7 1 11 21 2 33 14 5 9 2 32 38 55 15

2 3 11

A                 
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1 2 330 30 15
2, 2, 1

15 15 15

A A A
x y z

A A A

  
         

  
 

myZivs, wb‡Y©q mgvavb †mU (x,y,z) = (2,2,1) 

D`vniY 6: GKwU KviLvbvq wZb ai‡Yi cY¨ h_vµ‡g x, y Ges z Drcv`b nq| mvfv‡i (S) Ges U½x‡Z (T) 

cY¨¸‡jv weµq Kiv nq| KviLvbvq Drcvw`Z c‡Y¨i weµ‡qi cwigvY wb¤œiƒc: 

evRvi x y z 

S 1000 1500 2000 

T 4000 3000 1000 

B (GKK cÖwZ c‡Y¨i Drcv`b LiP
) 5 3 6 

C (GKK cÖwZ c‡Y¨i weµq g~j¨) 7 5 10 

 

(i) †gvU Drcv`b e¨q wbY©q Ki‡Z n‡e (ii) †gvU Drcv`b Avq wbY©q Ki‡Z n‡e (iii) †gvU gybvdv wbY©q Ki‡Z n‡e| 

mgvavb: g‡b Kiæb, Drcv`bK…Z c‡Y¨i g¨vwUª· =A, GKK  cÖwZ c‡Y¨i Drcv`b LiP g¨vwUª· = B 

Ges GKK cÖwZ c‡Y¨i weµqg~j¨ g¨vwUª· = C 

5 7
1000 1500 2000

, 3 , 5
4000 3000 1000

6 10

A B C

   
     

       
     

     

(i) †gvU Drcv`b e¨q = Drcv`bK…Z c‡Y¨i g¨vwUª· × 

GKK cÖwZ c‡Y¨i Drcv`b LiP g¨vwUª· 

A_©vr

5
1000 1500 2000

3
4000 3000 1000

6

A B

 
  

    
  

 

 

5000 4500 12000 21500

20000 9000 6000 35000

    
    

    
 

†gvUDrcv`be¨q = 21500+35000=56500 UvKv 

(ii) †gvU Drcv`b Avq = Drcv`bK…Z c‡Y¨i g¨vwUª· 

GKK cÖwZ c‡Y¨i weµq g~j¨ g¨vwUª· 

A_©vr

7
1000 1500 2000

5
4000 3000 1000

10

A C

 
  

    
  

 

 

7000 7500 20000 34500

28000 15000 10000 53000

    
    

    
 

†gvU Drcv`b Avq = 34500+53000=87500 UvKv 

 (iii) †gvU gybvdv = †gvU Drcv`b Avq †gvU Drcv`b e¨q 

= 


























18000

13000

35000

21500

53000

34500
 

†gvUgybvdv = 13000+18000=31000 UvKv 

 

mvims‡ÿc:  

 g¨vwUª· Gi i¨v¼ n‡jv †Kvb g¨vwUª‡·i Ak~b¨ Abyivwki m‡ev©”P µg|  

 A GKwU 3×3 µ‡gi g¨vwUª· Ges 0A  nq, Z‡e R(A)=3| 

 A GKwU 3×3 µ‡gi g¨vwUª· hvi Ges 0A Ges Gi GKwU Abyivwk (Minor) Gi wbY©vqK k~b¨ bq| d‡j A 

g¨vwUª‡·i i¨v¼ n‡e R(A) = 2| 



evsjv‡`k Dš§y³ wek^we`¨vjq g¨vwUª· Ges wbY©vqK 
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BDwbUg~j¨vqb  

 

wb‡Pi Z‡_¨i Av‡jv‡K (1 − 3) bs cÖ‡kœi DËi w`b: 

𝐴 = |
4 −2 0
3 3 −4
1 1 2

| 

 

1. 1g mvwi I 2q Kjvg Gi Abyivwki gvb †KvbwU? 

(K)−8   (L)8    (M)−9   (N)9 

2. 3q mvwi I 3q Kjvg Gi Abyivwki gvb †KvbwU? 

(K)11   (L)20    (M)18   (N)−10 

3.wbY©vqK |𝐴| Gi gvb †KvbwU? 

(K)65   (L)−65   (M)56   (N)−56 

 

m„Rbkxj cÖkœ: 

4.  𝐴 = [
1 2 3
4 5 6

] , 𝐵 = [
4
6

−1
] , 𝐶 = [1 2 −5]  

(K)  Dc‡ii g¨vwUª·¸wji Av‡jv‡K 𝐴𝐵Gi gvb wbY©q Kiæb| 

(L) 𝐴𝐵𝐶  Gi gvb wbY©q Kiæb Ges  

(M) †`Lvb †h, (𝐴𝐵)𝐶 = 𝐴(𝐵𝐶) 

5. 𝐴 = [
1 2 3

−2 5 −1
2 3 4

]Ges 𝐵 = [
−1 5 3
7 −2 −1
2 0 3

] 

(K) 𝐴𝑇
 I 𝐵𝑇

Gi gvb wbY©q Kiæb| 

(L) 𝐴𝐵 Gi gvb wbY©q Kiæb Ges  

(M) †`Lvb †h, (𝐴𝐵)𝑇 = (𝐵𝐴)𝑇
 

6. 𝐴 = [
3 −4 2

−2 1 0

−1 −1 1

] Ges 𝐵 = [
𝑥 2 −2
𝑦 5 −4
𝑧 7 −5

] 

(K) 𝐴𝐵 = 𝐼3n‡j𝑥, 𝑦, 𝑧m¤^wjZ mgxKiY MVb Kiæb| 

(L) 𝑥, 𝑦, 𝑧 Gi gvb †µgvi c×wZ‡ZwbY©q Kiæb Ges 𝐵 g¨vwUª·wU ‰Zwi Kiæb| 

(M) 𝐴𝐵 wbY©q KiæbGes 𝐴 I 𝐵 Gi g‡a¨ m¤úK© wbiƒcY Kiæb| 

cÖgvY Kiæb : (7-12) 

7. |
2𝑎 2𝑏 𝑎 + 𝑏

𝑏 + 𝑐 𝑎 − 𝑐 𝑎
𝑏 − 𝑐 𝑎 + 𝑐 𝑏

| = −2(𝑎 + 𝑏)(𝑎 − 𝑏)2
  

 

8. |
𝑎 − 𝑏 − 𝑐 2𝑎 2𝑎

2𝑏 𝑏 − 𝑐 − 𝑎 2𝑏
2𝑐 2𝑐 𝑐 − 𝑎 − 𝑏

| = (𝑎 + 𝑏 + 𝑐)2
 



evsjv‡`k Dš§y³ wek^we`¨vjq   e¨e ’̄vcKxq wm×všÍ MÖn‡Y MwYZ 
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9. |
1 1 1
𝑎 𝑏 𝑐

𝑎2 − 𝑏𝑐 𝑏2 − 𝑐𝑎 𝑐2 − 𝑎𝑏
| = 0 

 

10. |

−𝑥2 𝑥𝑦 𝑥𝑧

𝑥𝑦 −𝑦2 𝑦𝑧

𝑥𝑧 𝑥𝑦 −𝑧2

| = 4𝑥2𝑦2𝑧2
 

 

11. |
𝑎 + 𝑏 + 2𝑐 𝑎 𝑏

𝑐 𝑏 + 𝑐 + 2𝑎 𝑏
𝑐 𝑎 𝑐 + 𝑎 + 2𝑏

| = 2(𝑎 + 𝑏 + 𝑐)3
 

12. 







 


430

211
A

 
Ges 















321

304
B

 
n‡j 

(𝑖) 3𝐴 − 4𝐵          (𝑖𝑖) 𝐴 + 𝐵         (𝑖𝑖𝑖) 𝐵 − 𝐴 Gi gvb wbY©q Kiæb| 

13. gvb wbY©q Kiæb: 


























3

2

1

651

432
| 

14. 𝐴 = [
2 −2

−2 2
] Ges 𝐵 = [

4 0
2 −1

] n‡j, 𝐴𝐵 I𝐵𝐴 wbY©q Kiæb| 

15. 𝐴 = [
5 2 9

−2 5 3
] Ges 𝐵 = [

0 7
1 2
0 −5

] n‡j, cÖgvY Kiæb 𝐴𝐵 ≠ 𝐵𝐴| 

 

 

 DËigvjv- 

1.K   2. M  3. N 12. (𝑖) [
−13 −3 18

4 17 0
] (𝑖𝑖) [

5 −3 −1
−1 1 7

] (𝑖𝑖𝑖) [
3 1 −5

−1 −5 −1
] 

13. [
−13 −3 18

4 17 0
] 14. 𝐴𝐵 = [

16 −9
−2 −5

] Ges 𝐵𝐴 = [
4 24
5 7

] 

 

 


