
  

AšÍixKiY 

(Differentiation) 
 
fzwgKv 
MwY‡Zi GKwU AwZ ¸iæZ¡c~Y© kvLv n‡”Q K¨vjKzjvm hv wjwg‡Ui aviYvi Dci wfwË K‡i cÖwZwôZ| mß`k kZ‡Ki 
†k‡l Bs‡iR weÁvbx m¨vi AvBR¨vK wbDUb I Rvgv©b weÁvbx MU‡d«W wjewbR ¯̂vaxbfv‡e K¨vjKzjvm Avwe¯‹vi 
K‡ib| AšÍixKiY n‡”Q Ggb GKwU MvwYwZK c×wZ hvi mvnv‡h¨ cwieZ©bkxj ivwki cwieZ©‡bi nvi wbY©q Kiv hvq| 
D`vniY¯̂iƒc, mg‡qi mv‡_ mv‡_ Mvoxi Ae ’̄v‡bi cwieZ©‡bi nvi A_ev Mvoxi †eM e„w×i nvi A_ev Pvwn`v e„w×i 
mv‡_ ‡Kv‡bv wRwb‡mi g~j¨ e„w×i nvi A_ev ‡Kv‡bv cixÿvq AskMÖnYKvix wkÿv_x© I cv‡ki nvi AšÍixKi‡Yi 
D`vniY| 
 

 
BDwb‡Ui D‡Ïk¨ 
GB BDwbU †k‡l Avcwb - 
 dvskb I wjwg‡Ui aviYv e¨vL¨v Ki‡Z cvi‡eb, 
 wewfbœ ai‡bi dvsk‡bi AšÍiR wbY©q Ki‡Z cvi‡eb, 
 dvsk‡bi chv©qμwgK AšÍiR wbY©q Ki‡Z cvi‡eb, 
 dvsk‡bi jNygvb I ¸iægvb wbY©q Ki‡Z cvi‡eb| 

 

 
BDwbU mgvwßi mgq BDwbU mgvwßi m‡ev©”P mgq 30 w`b 

 

 GB BDwb‡Ui cvVmg~n 
 cvV 1: wjwgU 
 cvV 2: KwZcq we‡kl wjwgU 

cvV 3: Awew”Qbœ dvskb 
cvV 4: AšÍiR 
cvV 5: eûc`x dvsk‡bi AšÍixKiY 
cvV 6: ¯úk©‡Ki bwZ wnmv‡e AšÍiR 
cvV 7: dvsk‡bi ¸Ydj I fvMd‡ji AšÍiR 
cvV 8: ms‡hvwRZ I wecixZ dvsk‡bi AšÍiR 
cvV 9: jMvwi`‡gi mvnv‡h¨ AšÍixKiY 
cvV 10: Ae¨³ dvsk‡bi AšÍiK mnM 
cvV 11: chv©qμwgK AšÍiR 
cvV 12: AšÍi‡Ki R¨vwgwZK cÖ‡qvM 
cvV 13: ¯^vaxb I Aaxb Pj‡Ki AšÍiR 
cvV 14: dvsk‡bi Pig gvb 
cvV 15: e¨envwiK 

 

 
 
 

BDwbU 

9 
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 wjwgU 
 

 
cvVwfwËK D‡Ïk¨ 

GB cvV †k‡l Avcwb- 
 wjwg‡Ui aviYv e¨vL¨v Ki‡Z cvi‡eb, 
 Xv‡ji aviYv e¨vL¨v Ki‡Z cvi‡eb, 
 D`vniY I †jLwP‡Îi mvnv‡h¨ dvsk‡bi wjwgU e¨vL¨v Ki‡Z cvi‡eb, 
 GKw`KeZx© wjwgU Kx eY©bv Ki‡Z cvi‡eb, 
 wjwg‡Ui ‡gŠwjK agv©ewj eY©bv Ki‡Z cvi‡eb| 

 

gyL¨ kã  dvskb, wjwgU, ¯̂vaxb PjK, mxgv ’̄ gvb, ev Í̄e msL¨v, Xvj 
 

 
 g~jcvV-  

 

wjwgU 
hw` GKwU ¯̂vaxb PjK x Gi gvb a  Gi AwZ wbKUeZx©  ax   nIqvq  xf dvsk‡bi gvb GKwU wbw`ªó msL¨v 
L Gi AwZ mwbœKUeZx© nq   Lxf  , ZLb L †K  xf dvsk‡bi wjwgU ev mxgv ’̄ gvb ejv nq Ges Bnv‡K 

  Lxf 
ax




lim  Øviv cÖKvk Kiv nq| D`vniY¯̂iæc,g‡b Kiæb,  
5

252




x

x
=xf . Zvn‡j  

0

0
5 f  hv 

AmsÁvwqZ| A_©vr  x 1 we› ỳ‡Z  xf Gi †Kv‡bv gvb we`¨gvb bvB| hw` dvskbwU‡K mij Kiæb Zvn‡j cvB 

    
   x+
x-

xx
xf 5

5

55



 Ges ZLb   105 f cvIqv hvq wKš‘ 5x Gi Rb¨ je I ni ‡K 5x A_v©r 

k~b¨ w`‡q fvM Kiv eySvq hv Am¤¢e| GB mgm¨v mgvav‡bi Rb¨ 5x  bv a‡i 5  Gi Lye KvQvKvwQ gvb †bIqv n‡j 
5x Gi gvb k~b¨ bv n‡q AwZ ÿz ª̀ ev Í̄e msL¨v nq hv ev Í̄e msL¨vi wbq‡gi cwicwš’ nq bv| 

‡hgb: ,…………..,.,.x 999499494  n‡j   ,……………..,.,.xf 999999999 cvIqv hvq| Avevi 
,…………..,.,.,.x 00015001501515 n‡j   ,……………..,.,.,.xf 000110001100110110 cvIqv hvq| A_v©r 

Dfq †ÿ‡ÎB Pjivwk x Gi gvb 5 Gi KvQvKvwQ n‡j  xf Gi gvb 10  Gi KvQvKvwQ nq| G‡ÿ‡Î 10  †K cÖ`Ë 
dvskb  xf Gi wjwgU ev mxgv ’̄ gvb ejv nq| 
 

wjwg‡Ui δε   msÁv: ¯̂vaxb PjK x Gi gvb μgk GKwU aªæe msL¨v a Gi wbKUeZx© n‡j L ‡K dvskb  xf  Gi 
wjwgU ejv n‡e hw` †Kv‡bv c„e© wbav©wiZ h‡_ó ÿz ª̀ abvZ¡K msL¨v 0>   Gi Rb¨  Gi Dci wbf©ikxj Aci GKwU 
ÿz ª̀ abvZ¡K msL¨v  cvIqv hvq, †hb    Lxf  hLb a|<δ<|x 0 nq| 
 

D`vniY 1: wjwg‡Ui δε   msÁv e¨envi K‡i cÖgvY Kiæb †h,   112lim
1




x
x

. 

mgvavb: aiæb, 010.ε  , ZLb Avgiv cvB,   010112 .|<x|  A_v©r 010112 .|<x|   A_v©r 01022 .|<x|   

A_v©r 0050
2

010
1 .

.
|<|x   A_v©r 00501 .|<|x  . myZivs 0050.δ  . 

GKB fv‡e, hw` 0010.ε  nq Z‡e Avgiv cvB, 00050.δ  . myZivs  12 x ,  1  Gi hZ Kv‡Q hvq,  x, 1 Gi 
ZZ Kv‡Q hvq A_v©r 
  010112 .<x  hw` 005010 .|<<|x   

cvV 9.1 
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  0010112 .<x   hw` 0005010 .|<<|x   
  00010112 .<x  hw` 00005010 .|<<|x   nq 

Ges mvaviY fv‡e,   <x 112   hw` ?
2

10 


|<<|x  nq| 

myZivs  12 x  Gi wjwgU 1 hLb 1x . 
 

 
wkÿv_x©i 

KvR 

1. wjwg‡Ui δε   msÁv e¨envi K‡i cÖgvY Kiæb †h,   422lim
3




x
x

. 

2. wjwg‡Ui δε   msÁv e¨envi K‡i cÖgvY Kiæb †h,   843lim
4




x
x

. 
 

Xvj(Slope): 
g‡b Kiæb, AB  eμ‡iLvwU  xfy   Awew”Qbœ dvsk‡bi GKwU Ask 
Ges  yxP , I  yyxxQ   , GB †iLvi Dci KvQvKvwQ ỳBwU 
we› ỳ| g‡b Kiæb, QP mij‡iLv‡K ewa©Z Ki‡j Zv x -A‡ÿi abvZ¡K 
w`‡Ki mv‡_   †KvY Drcbœ K‡i| A_v©r θXRP  | P  I Q n‡Z 
x  A‡ÿi Dci PM I QN j¤^ AvuwK| Avevi, P n‡Z QN Gi Dci 
PS  j¤^ AvuKzb| 
Zvn‡j, δxxδxxOMONMNPS   
Ges δyyδyySNQNSQ   

(i)tan ………
δx

δy

PS

QS
θXRP,θSPQ   

hw` AB eμ‡iLvi Dci w`‡q μg P   Q    nq, A_v©r P  I Q  Lye KvQvKvwQ nq Z‡e PQ R¨v PT  ¯úk©K Gi 
mv‡_ mgvcwZZ n‡e| †m‡ÿ‡Î 0δx Ges   , n‡e †hLv‡b XTP . 

dx

dy

δx

δy
 θθ
δxPQ


 0

limtanlimtan | 

 myZivs AB eμ‡iLvi ),( yxP we› ỳ‡Z ¯úk©‡Ki Xvj n‡”Q 
dx

dy | 
 

dvsk‡bi wjwgU (D`vniY I †jLwP‡Îi mvnv‡h¨): 
Avgiv Rvwb, PjK  x Gi gvb μgk GKwU wbw`©ó msL¨v a  Gi wbKUeZx© n‡Z _vK‡j dvskb  xf Gi gvb †h 
wbw`ª©ó aªæe msL¨v L  Gi wbKUeZx© n‡Z _v‡K, Zv‡K  xf Gi mxgv¯’ gvb ev wjwgU e‡j| G‡K   Lxf 

ax



lim  

¦̀viv m~wPZ Kiv nq| 
g‡b Kiæb,   xxf  ,hvi †jLwPÎ GKwU Awew”Qbœ mij‡iLv| 
A we› ỳwUi ’̄vbv¼ (3,0) n‡j y -A‡ÿi mgvšÍivj AP ‡iLv 
mij‡iLvwU‡K   33,P we› ỳ‡Z †Q` K‡i| x -A‡ÿi mgvšÍivj y -
Aÿ‡K  30,Q we› ỳ‡Z †Q` K‡i| 3x n‡j 3OQ Øviv dvsk‡bi 
gvb m~wPZ K‡i| 
mij‡iLvi Dci ’̄ ,…………..,PP 21 we› ỳ¸‡jvi fzR I †KvwU n‡Z 
†`Lv hvq †h, Pjgvb we› ỳwUi evgw`K n‡Z A Gi w`‡K AMÖmi n‡j 
y -A‡ÿi Dci ’̄ we› ỳ¸wj wbP n‡Z Dc‡i Q we› ỳi w`‡K AMÖmi nq| 
A_v©r dvsk‡bi gvb 3OQ Gi w`‡K AMÖmi nq| 

  3limlim
33


 
xxf

xx
 

Y 

O T R M N 
X 

S 
A 

B 

 

  

P(x,y) 

Q(x+x,y+y) 

Y 

X  A 

Y  

X  

Q1 
Q2 

Q 
Q2 
Q1 

Q3 

P1 
P2 

P 
P3 

P2 
P1 

f(x)  x 

O  
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Avevi ,………..P,P 21   we› ỳ¸‡jvi fzR I †KvwU n‡Z †`Lv hvq †h, Pjgvb we› ỳwUi Wvbw`K n‡Z A Gi w`‡K 
AMÖmi n‡j y -A‡ÿi Dci ’̄ we› ỳ¸wj Dci n‡Z Dc‡i Q we› ỳi w`‡K AMÖmi nq| A_v©r dvsk‡bi gvb 

3OQ Gi w`‡K AMÖmi nq|     
   3limlim

33


 
xxf

xx
myZivs wb‡Y©q mxgvi Aw Í̄Z¡ Av‡Q Ges Gi gvb 3 . 

 

GKw`KeZx© wjwgU 
dvskb  xf  ‡K KLbI KLbI GKvwaK kZ©vax‡bi wewfbœ dvsk‡bi gva¨‡g cÖKvk Kiv nq| †hgb:  

  













0when2

0when0

0when2

xx

x

xx

xf   

G‡ÿ‡Î dvsk‡bi evgw`‡Ki wjwgU Ges Wvbw`‡Ki wjwgU Rvbv _vK‡j D³ dvsk‡bi wjwgU wbY©q Kiv hvq| 
evg wjwgU: PjK x Gi gvb a Gi †P‡q ÿz ª̀Zi gvb †_‡K μgk a Gi w`‡K AMÖmi n‡Z _vK‡j  xf Gi gvb 
†Kv‡bv wbw`ªó a~ªe msL¨v 1l  Gi w`‡K AMÖmi n‡j 1l  †K  xf Gi evg w`‡Ki wjwgU e‡j Ges G‡K 

1)(lim lxf
ax




Øviv cÖKvk Kiv nq| 

Wvb wjwgU: PjK x Gi gvb a  Gi †P‡q e„nËi gvb †_‡K μgk a Gi w`‡K AMÖmi n‡Z _vK‡j  xf Gi gvb 
†Kv‡bv wbw`ªó a~ªe msL¨v 2l  Gi w`‡K AMÖmi n‡j 2l  †K  xf Gi Wvb w`‡Ki wjwgU e‡j Ges G‡K   1lim lxf

ax



 

Øviv cÖKvk Kiv nq| GLv‡b D‡jøL¨ †h, †Kv‡bv we› ỳ ax  ‡Z wjwgU we`¨gvb _vK‡e A_v©r  xf
ax

lim we`¨gvb 

_vK‡e hw`     lxfxf
axax


 

limlim nq|  
 

wjwg‡Ui ‡gŠwjK agv©ewj 
hw`   Lxf

ax



lim  Ges   1lim Lxg

ax



 nq †hLv‡b L Ges 1L  n‡”Q †Kv‡bv mmxg msL¨v, ZLb 

(i)      1lim LLxgxf
ax




 

(ii)      1lim LLxgxf
ax




 

(iii) 
 
  1

lim
L

L

xg

xf
ax











, hLb 01 L . 

(iv)     FLxfFxFf
axax




)(lim)(lim ‡hLv‡b   uF n‡”Q Ggb GKwU dvskb hv Lu  Gi Rb¨ Awew”Qbœ 

nq| 
(v) hw`    xg<xf  A_v©     xg,x f   Ges  xg Gi g‡a¨ Ae ’̄vb K‡i Z‡e hw`   0lim 


xg

ax
 n‡j  

  0lim 


xf
ax

. 

(vi) hw`   Lxf
ax




lim  Ges   1lim Lxg
ax




 Ges hw` a ev‡` a Gi †h ‡Kv‡bv KvQvKvwQ we› ỳi Rb¨    

   xgxf  n‡j 1LL   n‡e| 
 

D`vniY 2: )x(x
x

92lim 2

1



 Gi gvb wbY©q Kiæb| 

mgvavb:
 

)x(x
x

92lim 2

1



9limlim2lim

11

2

1 


xxx
xx 891212  .=  
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D`vniY 3:  
 1

1
lim

1 


 x

x
x

 Gi gvb wbY©q Kiæb| 

mgvavb:  
 

 
  0

2

0

11

11

1lim

1lim

1

1
lim

1

1

1


















 x

x

x

x

x

x

x
 

 

D`vniY 4: 
 2

3

1 1

23
lim




 x

xx
x

 Gi gvb wbY©q Kiæb| 

mgvavb: 1x= emv‡j mxgv 
0

0  AvKvi aviY K‡i hv AmsÁvwqZ|  

GLv‡b, 
     

 
  1

2

1

2)1()1(

1

)1(2)1(

1

22

1

23 2

22

2

2

3

2

3






















x

xx

x

xxx

x

xxx

x

xxx

x

xx
 

2
1

)2)(1(

1

)2()2(

1

222














 x
x

xx

x

xxx

x

xxx
 

myZivs 321)2(lim
1




x
x

 

 

 
wkÿv_x©i 

KvR 
1. )x(x

x
92lim 2

0



Gi gvb wbY©q Kiæb|    2. 

 
3

9
lim

2

3 


 x

x
x

Gi gvb wbY©q Kiæb| 

3.
 

  45lim 2

3



xxx

x
 Gi gvb wbY©q Kiæb| 

 

 
 cv‡VvËi g~j¨vqb 9.1- 

 

gvb wbY©q Kiæb: 

1.  (i)  10723lim 23

1



xxx

x
 (ii)    523lim 2

2



xxx

x
  (iii) 

2

8
lim

3

2 


 x

x
x

 

 (iv) 
x

xx
x

4121
lim

0




  (v) 
11

lim
0  x

x
x

  (vi) 
x

xx
x




11
lim

0
 

 (vii) 
4

6
lim

2

2

2 


 x

xx
x

  (viii) 
xx

x
x 


 71

3
lim

3
 

 
 
 

 KwZcq we‡kl wjwgU 
 

 
cvVwfwËK D‡Ïk¨ 

GB cvV †k‡l Avcwb- 
 Amxg wjwgU eY©bv I cÖ‡qvM Ki‡Z cvi‡eb, 
 KwZcq we‡kl wjwgU eY©bv Ki‡Z cvi‡eb| 

 

gyL¨ kã  Amxg wjwgU, mmxg wjwgU, PjK, mxgv ’̄ gvb, †iwWqvb ‡KvY 

cvV 9.2 



I‡cb ¯‹zj GBPGmwm †cÖvMÖvg 

c„ôv 272  evsjv‡`k Dš§y³ wek̂we`¨vjq 

 

  g~jcvV-  
 

Amxg we›`y‡Z wjwgU Ges Amxg wjwgU (Limit at Infinity and infinite limit) 
(a) Amxg we›`y‡Z wjwgU: PjK x Gi gvb Amx‡gi w`‡K AMÖmi n‡j A_v©r x ev x  Gi Rb¨ 

 xf Gi gvb †h wbw`ª©ó msL¨vi w`‡K AMÖmi nq Zv‡K  xf Gi Rb¨ Amxg we› ỳ‡Z wjwgU e‡j| Amxg we› ỳ‡Z 
dvsk‡bi gvb Amxg ev mmxg n‡Z cv‡i| G‡K   1lim lxf

x



ev   2lim lxf

x



Øviv wPwýZ Kiv nq| 

D`vniYmiƒc:   


x
x

4lim  Ges 2202
1

2
1

lim 








 

 xx
 

(b) Amxg wjwgU:  
PjK x wbw`©ó msL¨v a Gi w`‡K AMÖmi nIqvq  xf Gi gvb 
mxgvnxbfv‡e e„w× †c‡j G‡K   


xf

ax
lim  A_ev  xf Gi gvb 

mxgvnxbfv‡e n«vm †c‡j G‡K   


xf
ax

lim Øviv cÖKvk Kiv 
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lim  Gi gvb wbY©q Kiæb| 

 

 
 cv‡VvËi g~j¨vqb 9.2- 

gvb wbY©q Kiæb: 

1.  (i) 
37

952
lim

2

2




 xx

xx
x

  (ii) 
ax

ax
ax 




2

5

2

5

lim   (iii) 
x

x
x cos

sin1
lim

0




 

 (iv) 
x

x
x cos

sin1
lim

0




  (v)  20 3

7cos1
lim

x

x
x




  (vi)  





 

 xxxx tan

1

sin

11
lim

0
 

 (vii) 
4

6
lim

2

2




 x
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x

  (viii) 
x

x
x cos

sin1
lim

2




  (ix) 
 

x

xxx
x sin

2coscos
0

lim



 

 (x)  20

3cos2cos
lim

x

xx
x




  (xi) 
yx

yx
yx 




sinsin
lim  

 
 
 
 

 Awew”Qbœ dvskb 

 

 
cvVwfwËK D‡Ïk¨ 

GB cvV †k‡l Avcwb- 
 †jLwP‡Îi mvnv‡h¨ Awew”Qbœ dvskb eY©bv Ki‡Z cvi‡eb, 
 Awew”Qbœ dvsk‡bi agv©ewj eY©bv Ki‡Z cvi‡eb| 

 

gyL¨ kã  Awew”Qbœ dvskb, †jLwPÎ, e¨ewa, we› ỳ 
 

cvV 9.3 
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  g~jcvV-  
 

†jLwP‡Îi mvnv‡h¨ dvsk‡bi Awew”QbœZvi eY©bv:  a,b  e¨ewa‡Z  xf dvsk‡bi †jLwP‡Î e¨ewai ga¨eZ©x ‡Kv‡bv 
we› ỳ‡Z hw` duvKv ev jç bv _v‡K Z‡e H e¨ewa‡Z  xf dvskbwU‡K Awew”Qbœ (Continuous Function) ejv nq| 
A_v©r Awew”Qbœ dvsk‡bi †jLwPÎ A¼‡bi †ÿ‡Î †cwÝj bv Zz‡j GK Uv‡b †jLwPÎ A¼b Kiv hvq| 
 
 
 
 
 
 
 
  

 wPÎ-1:   32  xxf   wPÎ-2:  =|x|xf   wPÎ-3:   xxf   
wPÎ-1 G   32+xxf  dvskbwU, wPÎ-2 G   |x|xf  dvskbwU Ges wPÎ-3 G   xxf  dvskbwU  22,  
e¨ewa‡Z Awew”Qbœ| 
GKBfv‡e,  a,b e¨ewa‡Z  xf dvsk‡bi †jLwP‡Î e¨ewai 
ga¨eZ©x ‡Kv‡bv we› ỳ‡Z hw` duvKv ev jç _v‡K Z‡e H e¨ewa‡Z 
 xf dvskbwU‡K wew”Qbœ (Discontinuous Function) ejv 

nq| A_v©r wew”Qbœ dvsk‡bi †jLwPÎ A¼‡bi †ÿ‡Î †cwÝj bv 
Zz‡j GK Uv‡b †jLwPÎ A¼b Kiv hvq bv| wP‡Î 2x ‡Z 

 
2

42





x

x
xf dvsk‡bi gvb AmÁvqxZ, ZvB 2x ‡Z 

 
2

42





x

x
xf  Gi †jLwPÎ duvKv ev jç Av‡Q| 

 

Awew”Qbœ dvsk‡bi agv©ewj 
†h †Kv‡bv we› ỳ ax  ‡Z   xf dvskb‡K Awew”Qbœ ejv n‡e hw` )()(lim)(lim afxfxf

axax


 
 nq| myZivs 

a=x ‡Z  f(x) dvskb‡K Awew”Qbœ ejv n‡e hw` f(a)  msÁvwqZ nq Ges  )()(lim afxf
ax




 nq A_v©r
 

)()(lim)(lim afxfxf
axax


 

 A_ev )()(lim)(lim
00

afhafhaf
hh




  nq | 
 

D`vniY 1: 2x we› ỳ‡Z   22+xxf  dvskbwUi Awew”QbœZv hvPvB Kiæb| 
mgvavb: †`Iqv Av‡Q,   22+xxf   
GLv‡b,   624222 2  +f  
Ges     6222limlim 22

22



xxf

xx
 

myZivs    2lim
2

fxf
x




, A_v©r 2x we› ỳ‡Z   22+xxf   dvskbwU Awew”Qbœ| 
 

D`vniY 2:  
1
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



x

x
xf  dvskbwU 1x we› ỳ‡Z Awew”Qbœ wKbv Zv hvPvB Kiæb| 

mgvavb: GLv‡b, 
  
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1
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wKš‘,  
0

0

11

11
1

2





f  hv AmsÁvwqZ | myZivs )1(
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1
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1
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x
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

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
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  
1
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
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
x

x
xf   dvskbwU 1x we› ỳ‡Z wew”Qbœ| 

 

D`vniY 3:  
1

12





x

x
xf  dvskbwU 2x we› ỳ‡Z Awew”Qbœ wKbv Zv hvPvB Kiæb| 

mgvavb: GLv‡b,  
  

    3121lim
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1
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22

2

2










x

x

xx

x

x
xxx    

Ges    3
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xf  dvskbwU 2x we› ỳ‡Z Awew”Qb| 

 

D`vniY 4: cªgvb Kiæb †h, |x|y  dvskb me©Î Awew”Qbœ| 
cÖgvY: Avgiv Rvwb, 







0when

0when

xx

xx,
=x   

x   Gi †jLwPÎ n‡Z †`Lv hvq †h,   ,  e¨ewa‡Z x  me©Î Awew”Qbœ| 
Zvn‡j ïay 0x we› ỳ‡Z Awew”QbœZv hvPvB Ki‡jB Pj‡e| 
GLb, 0x we› ỳ‡Z, 
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A_v©r 0x we› ỳ‡Z x  Awew”Qbœ| 

x me©Î Awew”Qbœ| 
 

D`vniY 5: wb¤œwjwLZ dvskbwU 2x we› ỳ‡Z Awew”Qbœ wKbv Zv hvPvB Kiæb: 
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22
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dvskbwU 2x we› ỳ‡Z Awew”Qbœ| 
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wkÿv_x©i 

KvR  
1

12





x

x
xf  dvskbwU 1x we› ỳ‡Z Awew”Qbœ wKbv Zv hvPvB Kiæb| 

 

 
 cv‡VvËi g~j¨vqb 9.3- 

1. 2x we› ỳ‡Z   53 23 x+x+xxf  dvskbwUi Awew”QbœZv  hvPvB Kiæb| 

2.  
4

162





x

x
xf dvskbwU 4x we› ỳ‡Z Awew”Qbœ wKbv Zv hvPvB Kiæb|

 
3. wb¤œ wjwLZ dvskbwU 2x we› ỳ‡Z Awew”Qbœ wKbv Zv hvPvB Kiæb: 

 













2if,12

2if,
2

83

x

x
x

x
xf

 

4. cªgvY Kiæb †h, ||xy 2 dvskb me©Î Awew”Qbœ|
  

 
 
 
 AšÍiR (Derivatives) 

 

 
cvVwfwËK D‡Ïk¨ 

GB cvV †k‡l Avcwb- 
 wjwgU wnmv‡e AšÍiR wbY©q Ki‡Z cvi‡eb, 
 g~j wbq‡g nx  Gi AšÍiR wbY©q Ki‡Z cvi‡eb, 
 aªyeK Gi AšÍiR wbY©q Ki‡Z cvi‡eb, 
 dvsk‡bi †hvMd‡ji AšÍiR wbY©q Ki‡Z cvi‡eb| 

 

gyL¨ kã  AšÍixKiY, AšÍiR,  aªæeK, cwieZ©‡bi nvi, g~j wbqg 
 

  g~jcvV-  
 

wjwgU wnmv‡e AšÍiR wbY©q:  
†h †Kv‡bv †iLv  xfy  Gi x we› ỳ‡Z x   Gi ÿz ª̀ cwie©Z‡bi 
d‡j y Gi cwieZ©‡bi nvi‡K AšÍiR e‡j| G‡K mvaviYZ 

 xf
dx

d
 ev  xf   ev 1y  Øviv cÖKvk Kiv nq| 

wP‡Î,  x,yP I  hyhxQ  , we› ỳMvgx †iLvi Xvj 
   
 

   
h

xfhxf

xhx

xfhxf 



  

GLb Q we› ỳ P we› ỳi Lye KvQvKvwQ n‡j A_v©r PQ  n‡j 
Zv‡`i ga¨eZx© e¨eavb h Lye ÿz ª̀ n‡e A_v©r 0h n‡e| 

cvV 9.4 

X 

Y 

O 

h 

P (x,y) 

Q (x+h,y+h) 

h 
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ZLb P  we› ỳ‡Z AšÍi‡Ri gvb wjwg‡Ui gva¨‡g msÁvwqZ Ki‡j cvB, 
   

h

xfhxf
h


0

lim . myZivs  

     
h

xfhxf
xf

h




0
lim . 

AšÍiR wbY©‡qi GB c×wZ‡KB g~j wbqg e‡j| myZivs g~j wbq‡g AšÍiR wbY©q Ki‡Z n‡j K‡qKwU avc g‡b ivL‡Z 
n‡e: 
avc-1: cÖ`Ë dvskbwU‡K  xf a‡i   x Gi cwie‡Z© hx  ewm‡q  hxf   wbY©q Ki‡Z n‡e| 
avc-2:  hxf   n‡Z  xf we‡qvM Ki‡Z n‡e| 

avc-3: 
h

xfhxf
h

)()(
lim

0




 Gi mxgv wbY©q Ki‡Z n‡e| DnvB wb‡Y©q  xf
dx

d
 ev  xf   ev 1y  wb‡ ©̀k K‡i| 

we:`ª: †h c×wZ‡Z AšÍiR wbY©q Kiv nq Zv‡K AšÍixKiY e‡j Ges AšÍixKi‡Yi d‡j cÖvß djvdj‡K AšÍiR e‡j| 
 
g~j wbq‡g nx  Gi AšÍiR wbY©q 
g‡b Kiæb,   n=xxf . myZivs    nhxhxf   
g~j wbq‡g AšÍi‡Ri msÁv n‡Z cvB, 
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g~j wbq‡g ‡h †Kv‡bv aªæeK  C Gi AšÍiR wbY©q 
g‡b Kiæb,   cxf  . myZivs   cx+hf   
g~j wbq‡g AšÍi‡Ri msÁv n‡Z cvB, 

     
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A_v©r †h †Kv‡bv aªæeK msL¨vi AšÍiR k~b¨ | 
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ỳBwU dvsk‡bi †hvMd‡ji AšÍiR: 
g‡b Kiæb,      x+gxfxF  myZivs      hx+ghxfhxF   
g~j wbq‡g AšÍi‡Ri msÁv n‡Z cvB, 

             
h

xgxfhxghxf
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Abyiæcfv‡e, cÖgvY Kiv hvq, 
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†Kv‡bv aªæeK Ges GKwU dvsk‡bi MyYd‡ji AšÍiR 
g‡b Kiæb,    xcfx F   myZivs    hx=cfhxF   
g~j wbq‡g AšÍi‡Ri msÁv n‡Z cvB, 
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D`vniY 1: g~j wbq‡g 322 x++x  Gi AšÍiR wbY©q Kiæb| 
mgvavb: aiæb,       3232 22 +x+h+x+h=x+hf,        x++xf(x)   
g~j wbq‡g AšÍi‡Ri msÁv n‡Z cvB, 
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D`vniY 2: g~j wbq‡g x  Gi AšÍiR wbY©q Kiæb| 
mgvavb: aiæb,   xxf        hxhxf   
g~j wbq‡g AšÍi‡Ri msÁv n‡Z cvB, 
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D`vniY 3: g~j wbq‡g
x

1  Gi AšÍiR wbY©q Kiæb| 
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D`vniY 4: g~j wbq‡g x  2sin  Gi AšÍiR wbY©q Kiæb| 
mgvavb: aiæb,   xx  f 2sin          hxhxhx f 22sin2sin   
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D`vniY 5: g~j wbq‡g x  2tan  Gi AšÍiR wbY©q Kiæb| 
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D`vniY 6:   x  Gi mv‡c‡ÿ 835 23 +xx    dvskbwUi AšÍiR wbY©q Kiæb| 
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D`vniY 7: x  Gi mv‡c‡ÿ xxx 83 45    dvskbwUi AšÍiR wbY©q Kiæb| 
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 cv‡VvËi g~j¨vqb 9.4- 

 

g~j wbq‡g AšÍiR wbY©q Kiæb: 

1. (i)  
x

1
 (ii) 2

1

x
 (iii) mxe   (iv) x3sin   (v) x2cos   (vi) 625 2  xx         

      (vii) xx 23     (viii) xln     (ix)  43sin x   (x)  xe  
2. wbR wbR Pj‡Ki mv‡c‡ÿ wb¤œwjwLZ dvskbMywji AšÍiR wbY©q Kiæb: 
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 wewfbœ dvsk‡bi AšÍixKiY 

 

 
cvVwfwËK D‡Ïk¨ 

GB cvV †k‡l Avcwb- 
 eûc`x dvsk‡bi AšÍixKiY Ki‡Z cvi‡eb, 
 wÎ‡KvYwgwZK, m~PK I jMvwi`g dvsk‡bi AšÍixKiY Ki‡Z cvi‡eb| 

 

gyL¨ kã  eûc`x dvskb, m~PK, jMvwi`g, AšÍixKiY, g~j wbqg 
 

  g~jcvV-  
 

(i) g~j wbq‡g eûc`x dvsk‡bi AšÍixKiY: 
g‡b Kiæb,   xxxxf  23 GKwU eûc`x dvskb hvi AšÍixKiY Ki‡Z n‡e| 
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(ii) g~j wbq‡g xe  Gi AšÍiR wbY©q: 
g‡b Kiæb,   xexf  .     hxehxf   
g~j wbq‡g AšÍi‡Ri msÁv n‡Z cvB, 
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(iii) g~j wbq‡g xa  Gi AšÍiR wbY©q: 
g‡b Kiæb,   xaxf  .   hxahxf   
g~j wbq‡g AšÍi‡Ri msÁv n‡Z cvB, 
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g‡b Kiæb,   x=xf ln .    x+h=x+hf ln  

  aaa
dx

d
e

xx log  

      1
3

2
2

1
1

01
2

2
1

10 ........2.1........ 



  n

nnn
nn

nnn axnaxnaxnaaxaxaxaxa
dx

d

 

  xx ee
dx

d
  



D”PZi MwYZ 1g cÎ BDwbU bq 

AšÍixKiY  c„ôv 287 

g~j wbq‡g AšÍi‡Ri msÁv n‡Z cvB, 
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(v) g~j wbq‡g xsin Gi AšÍiR wbY©q: 
g‡b Kiæb,   xxf sin .    x+hx+hf sin  
g~j wbq‡g AšÍi‡Ri msÁv n‡Z cvB, 
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(vi) g~j wbq‡g xcos  Gi AšÍiR wbY©q: 
g‡b Kiæb,   xxf cos .    x+hx+hf cos  
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(vii) g~j wbq‡g xtan Gi AšÍiR wbY©q: 
g‡b Kiæb,   xxf tan .    x+hx+hf tan  
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(viii) g~j wbq‡g xcot Gi AšÍiR wbY©q: 
g‡b Kiæb,   xxf cot .    x+hx+hf cot  
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(ix) g~j wbq‡g xsec Gi AšÍiR wbY©q: 
g‡b Kiæb,   xxf sec .    x+hx+hf sec  
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(x) g~j wbq‡g xcosec Gi AšÍiR wbY©q: 
g‡b Kiæb,   xxf cosec .    x+hx+hf cosec  
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(xi) g~j wbq‡g  mxcos Gi AšÍiR wbY©q: 
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g~j wbq‡g AšÍi‡Ri msÁv n‡Z cvB, 

          
h

mxmhmx

h

xfhxf
mx

dx

d
hh

coscos
limlimcos

00








 

 

  













 







 





























 







 


 2

sin
2

sin2coscos
sinsin

2
cos

2
sin2

1
lim

0

CD
.

DC
DC

xhx

mhmxmxmxmhmx

hh


  θθ
mh

mx.m.
mh

mh
mh

.
h

mh
mx

hhh
sinsin

2
sinlim

2

2
sin

lim
2

sin
2

sin2
lim

000







 















 







 






  mxmmx
dx

d

mxm

sincos

sin




 

 

(xii) g~j wbq‡g  mxsin Gi AšÍiR wbY©q: 
g‡b Kiæb,    mx=xf sin .      mhmxx+hmx+hf  sinsin  
g~j wbq‡g AšÍi‡Ri msÁv n‡Z cvB, 
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(xiii) g~j wbq‡g xalog Gi AšÍiR wbY©q:  
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D`vniY 1: x  Gi mv‡c‡ÿ xx cos5sin    dvskbwUi AšÍiR wbY©q Kiæb| 
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D`vniY 2:    Gi mv‡c‡ÿ  tan+sec   dvskbwUi AšÍiR wbY©q Kiæb| 
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D`vniY 3: t  Gi mv‡c‡ÿ tt+t sin7secln    dvskbwUi AšÍiR wbY©q Kiæb| 
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cos7tansec

1
sin7seclnsin7secln  . 

 

D`vniY 4: x  Gi mv‡c‡ÿ x+e a
x log2   dvskbwUi AšÍiR wbY©q Kiæb| 

mgvavb:          e
x

x
dx

d
e x

dx

d
e

dx

d
 x+e

dx

d
a

x
a

x
a

x log
1

2loglog 222  e
x

e a
x log

1
2 2   

 

D`vniY 5:  x  Gi mv‡c‡ÿ ax xa 5   dvskbwUi AšÍiR wbY©q Kiæb| 

mgvavb:       1log555 a-
e

xaxax ax aax
dx

d
+a

dx

d
+xa

dx

d
  

 

D`vniY 6:   x  Gi mv‡c‡ÿ xxxa cos2log3log    dvskbwUi AšÍiR wbY©q Kiæb| 
mgvavb: 

       x
dx

d
x

dx

d
 x

dx

d
xx+x

dx

d
aa cos2log3logcos2log3log  x

x
e 

x
= a sin

1
3log

1
  

 

D`vniY 7:  x  Gi mv‡c‡ÿ 2
3 5

x
qxe px    dvskbwUi AšÍiR wbY©q Kiæb| 

mgvavb:       31323
2

3 1035
5  





  xqpxex

dx

d
qx

dx

d
e

dx

d

x
qxe

dx

d pxpxpx  

 

  
wkÿv_x©i 

KvR 
1.  x  Gi mv‡c‡ÿ ecxex cos5   dvskbwUi AšÍiR wbY©q Kiæb| 
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2. x  Gi mv‡c‡ÿ 
3

4 1
log

x
ex x

a     dvskbwUi AšÍiR wbY©q Kiæb| 

 

 
 cv‡VvËi g~j¨vqb 9.5- 

 

wbR wbR Pj‡Ki mv‡c‡ÿ wb¤œwjwLZ dvskbMywji AšÍiR wbY©q Kiƒb: 
1. (i) xx+ sin6cos  (ii)   xx+e a

x log7log3   (iii) ectet cos3   

(iv) xx cotln2   (v)  xx+ cos33sin  (vi) 
x

xx

2sin1

cossin




 

(vii)  



2cos1

2cos1




 (viii) x
a ex 42log3   (ix)   

x
sxe pt

3
3 5

   

 
 

 
 
 ¯úk©‡Ki bwZ wnmv‡e AšÍiR 

 

 
cvVwfwËK D‡Ïk¨ 

GB cvV †k‡l Avcwb- 
 ¯úk©‡Ki bwZ wnmv‡e AšÍi‡Ri R¨vwgwZK e¨vL¨v Ki‡Z cvi‡eb| 

 

gyL¨ kã  ¯úk©K, eμ‡iLv, mxgv ’̄ Ae ’̄vb, ¯úk©‡Ki Xvj 
 

  g~jcvV-  
 

g‡b Kiæb,  xfy  eμ‡iLvi Dci   x,yP Ges  yyxxQ   ,   
ỳBwU wbKUeZx© we› ỳ| hw` Q  we› ỳwU P we› ỳi w`‡K AMÖmi n‡Z _v‡K 

A_v©r PQ  nq, Z‡e P Ges Q we› ỳi ms‡hvRK mij‡iLvi mxgv ’̄ 
Ae ’̄vb‡K P we› ỳ‡Z eμ‡iLvwUi ¯úk©K ejv nq| Q  we› ỳwU P we›`yi †h 
†Kv‡bv cv‡k¦© †_‡K ¯úk©K n‡Z cv‡i| 

P Ges Q we› ỳMvgx mij‡iLvi mgxKiY  
   11 xx 

xδxx

yδyy
yy 




  

†hLv‡b   ,yx 11  eμ‡iLvi Dci †h †Kv‡bv we› ỳ| 

ev  11 xx 
δx

δy
yy  . 

hw` PQ   nq A_v©r 0δx nq, Z‡e PQ  ‡Q`KwU mxgv¯’ Ae ’̄vq P we› ỳ‡Z PT ¯úk©K n‡e| AZGe, 

 x,yP we› ỳ‡Z ¯úk©‡Ki mgxKiY  1
0

1 lim xx
δx

δy
yy

δx



 ev  11 xx

dx

dy
yy     



 

 dx

dy

δx

δy
δx 0
lim . 

cvV 9.6 

X 

Y 

O 
T 

 

P (x,y) 

Q (x+x,y+) 

y  f (x) 
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myZivs  x y=f  eμ‡iLvi Dci   x,yP  we› ỳ‡Z ¯úk©‡Ki mgxKiY  11 xx
dx

dy
yy   Ges ¯úk©‡Ki Xvj ev 

bwZ 
dx

dy
. 

 

D`vniY 1: 094722  yxyx   eμ‡iLvi (1,2)  we› ỳ‡Z ¯úk©‡Ki Xvj Ges mgxKiY wbY©q Kiæb| 
mgvavb: cÖ`Ë eμ‡iLvi mgxKiY 094722  yxyx . 

x Gi mv‡c‡ÿ AšÍixKiY K‡i cvB, 004722 
dx

dy

dx

dy
y x  

ev,   7242  xy
dx

dy
 ev, 

42

72





y

x

dx

dy  

(1,2) we› ỳ‡Z ¯úk©‡Ki Xvj
8

9

422

712






.

.

dx

dy
 

Ges ¯úk©‡Ki mgxKiY:  1
8

9
2  xy ev, 099188  xy ev, 0989  yx  

 

D`vniY 2: 02 22 ax+y+x eμ‡iLvi †h mKj we› ỳ‡Z ¯úk©KMywj -A‡ÿi Dci j¤̂ Zv‡`i ’̄vbv¼ wbY©q Kiæb| 
mgvavb: cÖ`Ë eμ‡iLvi mgxKiY 02 22 ax+y+x  

x Gi mv‡c‡ÿ AšÍixKiY K‡i cvB,  0222 
dx

dy
y ax  ev, 

y

ax

dx

dy 
  

†h‡nZz, ¯úk©KMywj x -A‡ÿi Ici j¤̂, myZivs  

0

1
90tan  

dx

dy
 

ev, 
0

1





y

ax  

0y   cÖ`Ë mgxKi‡Y ewm‡q cvB, 0022  axx ev,   a,x   ax+x 2002   
 wb‡Y©q we›`y  0,0  I  02a, | 

 

D`vniY 3: a Gi gvb KZ n‡j  +xaxy 1 eμ‡iLvi g~j we› ỳ‡Z ¯úk©K x -A‡ÿi mv‡_ 30  †KvY Drcbœ K‡i| 
mgvavb: cÖ`Ë eμ‡iLvi mgxKiY   21 axax+xaxy   

x Gi mv‡c‡ÿ AšÍixKiY K‡i cvB, axa
dx

dy
2  

g~j we› ỳ‡Z aa.a
dx

dy
 02  

†`Iqv Av‡Q, ¯úk©K x -A‡ÿi mv‡_ 30  †KvY Drcbœ K‡i, A_v©r 

3

1
30tan  

dx

dy
	

3

1
 a .					

	

  
wkÿv_x©i 

KvR 
23 22  yxyx eμ‡iLvi  1,-1  we› ỳ‡Z ¯úk©‡Ki Xvj wbY©q Kiæb| 
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 cv‡VvËi g~j¨vqb 9.6- 

 

1.   1,1   we› ỳ‡Z 22xy  eμ‡iLvi Xvj wbY©q Kiæb| 

2.  02543 223  yxxxy x   eμ‡iLvi  11 ,  we› ỳ‡Z ¯úk©‡Ki Xvj Ges mgxKiY wbY©q Kiæb| 

3.  422 +xy+yx eμ‡iLvi  22 ,  we› ỳ‡Z ¯úk©‡Ki Xvj wbY©q Kiæb| 

4.  02 22  ax+yx eμ‡iLvi †h mKj we› ỳ‡Z ¯úk©KMywj x -A‡ÿi Dci j¤̂ Zv‡`i ’̄vbv¼ wbY©q Kiæb| 

5.  22 1 x+xy  eμ‡iLvi †h mKj we› ỳ‡Z ¯úk©KMywj x -A‡ÿi Dci j¤̂ Zv‡`i ’̄vbv¼ wbY©q Kiæb| 

6.  84 22  yx eμ‡iLvi †h mKj we› ỳ‡Z ¯úk©KMywj x -A‡ÿi Dci j¤̂ Zv‡`i ’̄vbv¼ wbY©q Kiæb| 

7.  04 22  x+yx eμ‡iLvi †h mKj we› ỳ‡Z ¯úk©KMywj x -A‡ÿi Dci j¤̂ Zv‡`i ’̄vbv¼ wbY©q Kiæb| 

8.  960212 23  xxxy eμ‡iLvi †h mKj we› ỳ‡Z ¯úk©KMywj -A‡ÿi mgvšÍivj Zv‡`i ’̄vbv¼ wbY©q 
Kiæb| 

9.  a Gi gvb KZ n‡j  xaxy  1 eμ‡iLvi g~j we› ỳ‡Z ¯úk©K x -A‡ÿi mv‡_ 60  †KvY Drcbœ K‡i| 

10.  123 23 x+xxy    eμ‡iLvi †h mKj we›`y‡Z ¯úk©KMywj AÿØ‡qi mv‡_ mgvb mgvb †KvY Drcbœ K‡i 
Zv‡`i fzR wbY©q Kiæb| 

 
 
 
 

 dvsk‡bi ¸Ydj I fvMd‡ji AšÍiR 

 

 
cvVwfwËK D‡Ïk¨ 

GB cvV †k‡l Avcwb- 
 dvsk‡bi MyYdj I fvMd‡ji AšÍiR wbY©q Ki‡Z cvi‡eb| 

 

  g~jcvV-  

`yBwU dvsk‡bi ¸Yd‡ji AšÍiR: 

hw` u  Ges v  DfqB Gi dvskb nq, Z‡e      u
dx

d
+vv

dx

d
uuv

dx

d
  

cÖgvY: g‡b Kiæb,  xfu  Ges  xgv  Ges  xFuv   
     xgxfxF  Ges      hxghxfhxF   

g~j wbq‡g AšÍi‡Ri msÁv n‡Z cvB, 

      
h

xFhxF
xF

dx

d
h




0
lim  

ev,             
h

xgxfhxghxf
xgxf

dx

d
h




0
lim  

             
h

xgxfxghxfxghxfh)f(x+h)g(x+
uv

dx

d
h




0
lim  

cvV 9.7 
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         

       
h

xfhxf
.xg

h

xg(x+h)-g
f(x+h).

h

xfhxfxg

h

xg(x+h)-gf(x+h)

hhhh

hh











0000

00

limlimlimlim

limlim
 

         

   u
dx

d
vv

dx

d
u

xf
dx

d
xgxg

dx

d
xf




 

     u
dx

d
vv

dx

d
uuv

dx

d
  

 
myZivs ỳBwU dvsk‡bi MyYd‡ji AšÍiR = 1g dvskb ൈ	2q dvsk‡bi AšÍiR + 2q dvskb ൈ	1g dvsk‡bi AšÍiR|  
 

`yBwU dvsk‡bi fvMd‡ji AšÍiR: 

hw` u	Ges v	Dfq x	Gi dvskb nq, Z‡e. 
   

2v

u
dx

d
vv

dx

d
u

v

u

dx

d 




  

cÖgvY: g‡b Kiæb,  xfu  Ges  xgv   Ges  xF
v

u
  

   
 xg

xf
xF    Ges    

 hxg

hxf
hxF




   

g~j wbq‡g AšÍi‡Ri msÁv n‡Z cvB, 

      
h

xFhxF
=xF

dx

d
h


0

lim  

 
 

 
 

 
 

 
  

































 g(x)hxg

h)f(x)g(xg(x)hxf

hxg

xf

hxg

hxf

h
=

xg

xf

dx

d
hh

1
lim

1
lim

00
 

 
  













 g(x)hxg

h)f(x)g(xf(x)g(x)f(x)g(x)g(x)hxf

hh

1
lim

0
 

 
 

 
   





 











 











h

g(x)hxg
f(x).

h

f(x)hxf
g(x).

g(x)hxg

h

h)f(x)g(xf(x)g(x)

h

f(x)g(x)g(x)hxf

g(x)hxg

hhh

h

000

0

limlim
1

lim

1
lim

 

                 
   

  22

1

xg

g(x)
dx

d
f(x)f(x)

dx

d
g(x)

g(x)
dx

d
f(x)f(x)

dx

d
g(x)

g(x)






   

   
2v

u
dx
d

vv
dx
d

u 
           

       
   

2v

u

v

u
dx

d
vv

dx

d
u

dx

d






        
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myZivs ỳBwU dvsk‡bi Mybd‡ji AšÍiR 
 2ni

AšÍiR iin‡je-AšÍiR eij‡ni 
   

 

D`vniY 1:  Gi mv‡c‡ÿ   x-xx- 254 2  dvsk‡bi AšÍiR wbY©q Kiæb| 

mgvavb:             542254254 222 x-
dx

d
x-xx-x

dx

d
x-x-xx-

dx

d
  

       102612841010880422254 2222  xxx=xxxx-x-x+x-x-  

D`vniY 2:  x  Gi mv‡c‡ÿ xex
  3

1
 dvsk‡bi AšÍiR wbY©q Kiæb| 

mgvavb:       333
3

1  





 x

dx

d
ee

dx

d
xex

dx

d

ex
 

dx

d
 xx-x

x
 

 

  





 







xex
xxeex.ex

)x(ex
dx

d
.ex

x
xxx

xx-

1
1

1
13

3

3
1343

133

 

 

D`vniY 3:   x  Gi mv‡c‡ÿ x x log2  dvsk‡bi AšÍiR wbY©q Kiæb| 

mgvavb:     x
dx

d
x+x

dx

d
 xx )(x

dx

d 222 logloglog   

 x+xxxxxx.
x

x log21log22log
12   

 

D`vniY 4:  x  Gi mv‡c‡ÿ xxx x log2sin2   dvsk‡bi AšÍiR wbY©q Kiæb| 

mgvavb:      xx
dx

d
xx

dx

d
xxx-x

dx

d
log2sinlog2sin 22   

         x
dx

d
x +x

dx

d
x  x

dx

d
x+x

dx

d
x= 







 loglog2sinsin 22  

  





 1log

1
22sincos2 x.+

x
x.xx.x+ x  xxxxx log22sin2cos2   

 

D`vniY 5: x Gi mv‡c‡ÿ xx  aloglog  dvsk‡bi AšÍiR wbY©q Kiæb| 

mgvavb:      x
dx

d
x+x

dx

d
xxx 

dx

d
aaa loglogloglogloglog   

x
x .e+

x
x. aa

1
loglog

1
log           xxe. aea logloglog   

x
x

x
x

x
x aaa log

2
log

1
log

1
  

 

D`vniY 6: x Gi mv‡c‡ÿ
1

1
2 


x

x
 dvsk‡bi AšÍiR wbY©q Kiæb| 
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







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myZivs   .
1

1

1

1
0tan

4 22
1

xx
x

dx

d

dx

dy














    

wb‡Y©q AšÍiR  21

1

x


 
 

 
wkÿv_x©i 

KvR 

1. x  Gi mv‡c‡ÿ   2

3

53  x  dvsk‡bi AšÍiR wbY©q Kiæb| 

2. x  Gi mv‡c‡ÿ 31sin x  dvsk‡bi AšÍiR wbY©q Kiæb| 
3. x  Gi mv‡c‡ÿ    xx 3cos2  dvsk‡bi AšÍiR wbY©q Kiæb| 
4. x  Gi mv‡c‡ÿ    xe-1tan  dvsk‡bi AšÍiR wbY©q Kiæb| 

 

 
 cv‡VvËi g~j¨vqb 9.8- 

 

wbR wbR Pj‡Ki mv‡c‡ÿ wb¤œ wjwLZ dvskb¸‡jvi AšÍixKiY Kiæb: 

1. (i) 3 2 cbax   (ii) 5 2 33 x   (iii) 
82

1
2 x

 (iv)   14  xx  

 (v)   2
3

72 x  

2.  (i) xe     (ii) x x sin   (iii) x xn 2log   

 (iv) 22sin1 θ)+(   (v)   x32sin   (vi)  
4

5

1






 

x
x  

3. (i) x-1tan   (ii) 










2

2
1

1

1
sec

x

x
  (iii)  










2

1

41

4
tan

x

x
   

(iv)  21sin x  (v) 









2

1

1

2
sin

x

x
    (vi)  x1tanlog     

(vii) 
x

x




1

1
tan 1    (viii) 

1

1
tan

2

1




x
  (ix) 












x

x

1

1
tan2sin 1    

(x)  










2

2
1

1

1
sin

x

x
 

 
 
 jMvwi`‡gi mvnv‡h¨ AšÍixKiY 

 

 
cvVwfwËK D‡Ïk¨ 

GB cvV †k‡l Avcwb- 
 jMvwi`‡gi mvnv‡h¨ AšÍixKiY Ki‡Z cvi‡eb| 

 

gyL¨ kã  jMvwi`g, m~PK, dvskb, AšÍixKiY 

cvV 9.9 
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  g~jcvV-  
 

†Kv‡bv dvsk‡bi m~PK hw` GKwU PjK ev PjK mgwš̂Z dvskb ev ỳB ev Z‡ZvwaK dvsk‡bi Myb ev fvM AvKv‡ii 
nq Zvn‡j cÖ_‡g jMvwi`g wb‡q D³ dvsk‡bi AšÍixKiY Ki‡Z nq| GBfv‡e AšÍixKiY Kiv †K jMvwi`‡gi 
mvnv‡h¨ AšÍixKiY Kiv eySvq|  
†hgb:  xxx xxx cos,,

1tan

BZ¨vw` dvsk‡bi AšÍixKiY Ki‡Z jMvwi`‡gi mvnv‡h¨ AšÍixKiY Ki‡j mn‡RB Zv 
wbY©q Kiv hvq| 
 

D`vniY 1: x  Gi mv‡c‡ÿ  1log 2 xx-  Gi AšÍiR wbY©q Kiæb| 

mgvavb: g‡b Kiæb,  1log 2  xx-y  
x Gi mv‡c‡ÿ AšÍixKiY K‡i cvB, 

   
















 1

12

1
1

1

1
1

1

1 2

22

2

2
x

dx

d

xxx-
xx-

dx

d

xx-dx

dy  

 
1

1

1

1

1

1
02

12

1
1

1

1
22

2

222 




































xx

xx

xx-
x

xxx-
 

 

D`vniY 2: x Gi mv‡c‡ÿ xx  Gi AšÍiR wbY©q Kiæb| 
mgvavb: g‡b Kiæb,  xxy   

xxxy x logloglog   
x Gi mv‡c‡ÿ AšÍixKiY K‡i cvB, 

       x
dx

d
xx

dx

d
xxx

dx

d
y

dx

d
loglogloglog   

   xxxy
dx

dy
xx.

x
x

dx

dy

y
x log1log1log11log

11
  

AZGe wb‡Y©q AšÍiR  xxx log1  
 

D`vniY 3:  x Gi mv‡c‡ÿ xx
1tan

 Gi AšÍiR wbY©q Kiæb| 
mgvavb: g‡b Kiæb, xxy

1tan

  
xxxy x logtanloglog 1tan 1 



 
x Gi mv‡c‡ÿ AšÍixKiY K‡i cvB, 

       x
dx

d
xx

dx

d
xxx

dx

d
y

dx

d 111 tanloglogtanlogtanlog    




































2

1
tan

2

1

2

1

2
1

1

logtan

1

logtan

1

logtan

1

1
log

1
tan

1

1

x

x

x

x
x

x

x

x

x
y

dx

dy

x

x

x

x

x
x.

x
x

dx

dy

y

x

 

 

D`vniY 4: x Gi mv‡c‡ÿ xx
1cos  Gi AšÍiR wbY©q Kiæb| 

mgvavb: g‡b Kiæb,  xxy
1cos  
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xxxy x logcosloglog 1cos 1 


 
x Gi mv‡c‡ÿ AšÍixKiY K‡i cvB, 

       x
dx

d
xx

dx

d
xxx

dx

d
y

dx

d 111 cosloglogcoslogcoslog    







































2

1
cos

2

1

2

1

2

1

1

logcos

1

logcos

1

logcos

1

1
log

1
cos

1

1

x

x

x

x
x

x

x

x

x
y

dx

dy

x

x

x

x

x
x.

x
x

dx

dy

y

x

 

 

D`vniY 5: x Gi mv‡c‡ÿ  xxcos  Gi AšÍiR wbY©q Kiæb| 
mgvavb: g‡b Kiæb,   xxy cos  

   xxxy x coslogcosloglog   
x Gi mv‡c‡ÿ AšÍixKiY K‡i cvB, 

        x
dx

d
x)(x)(

dx

d
xxx

dx

d
y

dx

d
coslogcoslogcosloglog   

   

     xxx)(xxxx)(y
dx

dy

xxxx).(x
x

x
dx

dy

y

x tancoslogcostancoslog

coslogtan1coslogsin
cos

11




 

D`vniY 6: x Gi mv‡c‡ÿ 
3

2

1

1











x

x
ex  Gi AšÍiR wbY©q Kiæb| 

mgvavb: g‡b Kiæb,  
3

2

1

1












x

x
ey x  

    1log1log
3

2

1

1
log

3

2

1

1
loglog

1

1
loglog

3

2

3

2















































 xxx
x

x
x

x

x
e

x

x
ey xx  

x Gi mv‡c‡ÿ AšÍixKiY K‡i cvB, 

       

















 

1

1

1

1

3

2
11log1log

3

2
log

xx
xxx

dx

d
y

dx

d  































































1

1

1

1

3

2
1

1

1

1

1

1

1

3

2
1

1

1

1

1

3

2
1

1

3

2

xxx

x
e

xx
y

dx

dy

xxdx

dy

y

x

 

 

 
wkÿv_x©i 

KvR 
1. x  Gi mv‡c‡ÿ 
















3
2

2
2

1

1
log

x

x
e x Gi AšÍiR wbY©q Kiæb| 
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2. x  Gi mv‡c‡ÿ 
1

1
log

2

2




xx

xx  dvsk‡bi AšÍiR wbY©q Kiæb| 

 

 
 cv‡VvËi g~j¨vqb 9.9- 

 

x  Gi mv‡c‡ÿ wb¤œ wjwLZ dvskb¸‡jvi AšÍixKiY Kiæb: 

1.  (i)  











x

x

1

1
ln    (ii) 











2

6
ln

2

2

x

x
   (iii) 

2

1

1











x

x
    (iv)  

3

4
2

2
3




x

x
x    

 (v) 
 

3 2

221

x

x
 (vi)  

x

x

cos1

cos1
ln




 

2.  (i) xx
1

  (ii)   x
x   (iii)   x

x
221   (iv)  xx1     (v) xxex  

3.  (i) 
xaa    (ii) xxsin    (iii)   xx tancos    (iv)  xxsin   (v)   xx tansin  

 (vi) 
xex   (vii) xx ln   

   
 

 
 

 Ae¨³ dvsk‡bi AšÍiR (Derivative of implicit function) 

 

 
cvVwfwËK D‡Ïk¨ 

GB cvV †k‡l Avcwb- 
 Ae¨³ dvsk‡bi AšÍiR wbY©q Ki‡Z cvi‡eb| 

 

gyL¨ kã  Ae¨³ dvskb, AšÍixKiY, AšÍiR 
 

  g~jcvV-  
 

hw` ỳBwU PjK x Ges y Ggb fv‡e m¤úwK©Z _v‡K †h,   0x,y , ZLb D³ dvskb‡K Ae¨³ dvskb ejv nq|  
†hgb: 3322222  xxyy,    xaxyyx BZ¨vw` Ae¨³ dvskb| Ae¨³ dvsk‡bi AšÍiR wbY©q Kivi 
†ÿ‡Î x †K cwieZ©bkxj Ges y ‡K x Gi dvskb wnmv‡e we‡ePbv K‡i cÖ‡Z¨K c`‡K c„_K c„_K fv‡e AšÍixKiY 

K‡i 
dx

dy
 wbY©q Ki‡Z nq| 

 

D`vniY 1: 222 axyy  x   n‡j 
dx

dy
 wbY©q Kiæb| 

mgvavb: †`Iqv Av‡Q, 222 axyy  x   
 Dfq cÿ‡K x Gi mv‡c‡ÿ AšÍixKiY K‡i cvB, 

cvV 9.10 
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   222 a
dx

d
+xy+yx

dx

d
  022 

dx

dy
xy

dx

dy
yx  

    











yx

yx

dx

dy
yx

dx

dy
yx

2

2
022  

 

D`vniY 2: 3332  xxyy  x n‡j 
dx

dy
 wbY©q Kiæb| 

mgvavb: †`Iqv Av‡Q, 3332  xxyy  x  
 Dfq cÿ‡K x Gi mv‡c‡ÿ AšÍixKiY K‡i cvB, 

   3332

dx

d
+xy+xy x

dx

d
  0332 2232  x

dx

dy
yxy

dx

dy
xxy  

     
 22

23
2223

3

32
0332

xyx

xyxy

dx

dy
xyx

dx

dy
xyxy




  
 

D`vniY 3: θaθ,   yax 33 sincos   n‡j 
dx

dy
 wbY©q Kiæb| 

mgvavb: †`Iqv Av‡Q, θ,  ax 3cos  Ges θa y 3sin  

myZivs  θθa
dθ

dx
sincos3 2  Ges   θθa

dθ

dx
cossin3 2  

θ
θθa

θθa

dθ

dx
dθ

dy

dx

dy
tan

sincos3

cossin3
2

2




  

 

D`vniY 4: x †K cwieZ©bkxj a‡i xy yx   Gi AšÍiR wbY©q Kiæb| 
mgvavb: †`Iqv Av‡Q, xy yx  . Dfq c‡ÿ jMvwi`g wb‡q cvB, 

   
yxxy

y=x xy

loglog

loglog


 

x Gi mv‡c‡ÿ AšÍixKiY K‡i cvB, 

1log
1

log
1

y.
dx

dy

y
x

dx

dy
x

x
y   

 
 xxyx

yyxy

dx

dy

x

y
y

y

x
x

dx

dy














log

log
loglog  

 

D`vniY 5:   22log +yxxy   n‡j 
dx

dy
 wbY©q Kiæb| 

mgvavb: †`Iqv Av‡Q,   22log +yxxy   
ev,  BA+(AB)+yxyx logloglogloglog 22    
x Gi mv‡c‡ÿ AšÍixKiY K‡i cvB, 

dx

dy
yx

dx

dy

yx
22

11
    

x
xy

ydx

dy 1
22

1









      

 2

2

21

12

yx

xy

dx

dy




  
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wkÿv_x©i 

KvR 
3332 +xy+xy  x  n‡j 

dx

dy
 wbY©q Kiæb| 

 

 
 cv‡VvËi g~j¨vqb 9.10- 

 

wb¤œwjwLZ Ae¨³ dvskbMywji †ÿ‡Î  
dx

dy
  wbY©q Kiæb: 

1. 1022  yx   2. axy 42    3.  322 +xy+yx  

4.   2sin x+yy=   5.  3xy yx   6.    x+yxy log  

7.  1 xyexy   8.  







x

y
x+y -1cos   9.  at,yatx 22   

10.  θa yθ,a x cossin   
 
 
 
 
 
 

 chv©qμwgK AšÍiR (Successive Differentiation) 

 

 
cvVwfwËK D‡Ïk¨ 

GB cvV †k‡l Avcwb- 
 chv©qμwgK AšÍiR e¨vL¨v Ki‡Z cvi‡eb, 
 AšÍi‡Ri wewfbœ cÖZxK e¨envi Ki‡Z cvi‡eb| 

 

gyL¨ kã  chv©qμwgK AšÍixKiY, cwieZ©bkxj, -Zg AšÍiR 
 

  g~jcvV-  

†Kv‡bv dvskb‡K avivevwnK fv‡e AšÍixKiY Kivi cÖwμqv‡K chv©qμwgK AšÍixKiY e‡j| x †K cwieZ©bkxj a‡i 

 xfy  ‡K GKevi AšÍixKiY Ki‡j cÖvß dj‡K 1g chv©‡qi AšÍiR e‡j Ges G‡K 1y  ev y  ev 
dx

dy
 ev  xf   

ev Dy  Øviv cÖKvk Kiv nq| 1g chv©‡q cÖvß dj‡K c~bivq AšÍixKiY Ki‡j cÖvß dj‡K 2q chv©‡qi AšÍiR e‡j 

Ges G‡K 2y  ev y   ev 
2

2

dx

yd  ev  xf   ev yD2  Øviv cÖKvk Kiv nq| Gfv‡e, n -Zg AšÍiR‡K ny  ev ny  ev 

n

n

dx

yd  ev  xf n  ev yDn  Øviv cÖKvk Kiv nq| 
 

D`vniY 1: 153 36 +x+x y    Gi Z…Zxq μ‡gi AšÍiR wbY©q Kiæb| 
mgvavb: †`Iqv Av‡Q, 153 36 +x+x y   

cvV 9.11 
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 1g μ‡gi AšÍiR:  153 36 +x+x
dx

d

dx

dy
    25 96 x+x

dx

dy
  

cÖvß dj‡K cybivq x Gi mv‡c‡ÿ AšÍixKiY K‡i cvB, 
2g μ‡gi AšÍiR:  

  xxx.x.xx
dx

d

dx

dy

dx

d

dx

yd
1830295696 4425

2

2







   xx

dx

yd
1830 4

2

2

  

cÖvß dj‡K cybivq  Gi mv‡c‡ÿ AšÍixKiY K‡i cvB, 

3g μ‡gi AšÍiR:    181201184301830 334
3

3

 x.x.xx
dx

d

dx

yd . 

 wb‡Y©q AšÍiR: 18120 3
3

3

 x
dx

yd  
 

D`vniY 2: nxy  dvsk‡bi n -Zg AšÍiR wbY©q Kiæb| 
mgvavb: †`Iqv Av‡Q, (i).......................xy n  
(i) bs †K x Gi mv‡c‡ÿ chv©qμ‡g AšÍixKiY K‡i cvB, 

 

      21
12

1
1

1 







nn

nn

xnnnx
dx

d
y

dx

d
y

nxx
dx

d
y

 

       



312
23 211   nn xnnnxnn

dx

d
y

dx

d
y

 

           

       xnnnnnn
dx

d

xnnnnnn
dx

d
y

dx

d
y nn

nn

1321

1321 1
1



 





 

         n!..nnnn...nnnn  1233211123321   

  wb‡Y©q AšÍiR: =n!
dx

yd
= y

n

n

n  
 

D`vniY 3: 
x

q
px+ y  n‡j, cÖgvY Kiæb †h, p

dx

dy
+

dx

yd
x 22

2

2

 . 

mgvavb: †`Iqv Av‡Q, (i)......................
x

q
px+ y   

(i)  bs †K x Gi mv‡c‡ÿ AšÍixKiY K‡i cvB, 

  2x

q
p

dx

dy
 Ges 

32

2 2

x

q

dx

yd
  

232

2 22

x

q

x

qx
=

dx

yd
x   

Ges
22

2
222

x

q
p

x

q
p

dx

dy







   
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 myZivs p
x

q
p

x

q

dx

dy

dx

yd
x 2

2
2

2
2

222

2

      A_v©r p
dx

dy

dx

yd
x 22

2

2

    (cÖgvwYZ) 
 

D`vniY 4: x+  y sin34  n‡j, cÖgvY Kiæb †h, 422 22
12  yyyy  

cÖgvY: †`Iqv Av‡Q, x+  y sin34  
x Gi mv‡c‡ÿ AšÍixKiY K‡i cvB, 

   

xyy

y

x
x

x+
x+

dx

d

x+
=  y

cos32

2

cos3
cos30

sin342

1
sin34

sin342

1

1

1




 

Dfq cÿ‡K x Gi mv‡c‡ÿ cybivq AšÍixKiY K‡i cvB, 
  4sin3422sin322 2

12112  xyyyx.yyyy  

422 22
12  yyyy    422 22

12  yyyy    (cÖgvwYZ) 
 

  
wkÿv_x©i 

KvR 
253 34 x++xxy   n‡j 2x we› ỳ‡Z 2y  I 3y  Gi gvb wbY©q Kiæb| 

 
 

 
 cv‡VvËi g~j¨vqb 9.11- 

 

1. xxy log2   n‡j 3y  Gi gvb wbY©q Kiæb| 
2. xy -1sin n‡j 2y  Gi gvb wbY©q Kiæb| 
3. 1cossin yx+ n‡j 2y  Gi gvb wbY©q Kiæb| 

4. 
x

b
ax+y    n‡j, cÖgvY Kiæb †h, a

dx

dy

dx

yd
x 22

2

2

  

5.   
x

xy
1

 n‡j, cÖgvY Kiæb †h, x+y
dx

dy
x 22  . 

6. x y sin n‡j, cÖgvY Kiæb †h, 04  yy . 
7. x x+bay sincos n‡j, cÖgvY Kiæb †h, 04  yy  

8. x y sec n‡j, cÖgvY Kiæb †h,  12 2
2  yy y  

9. -mxmx+BeAey  n‡j, cÖgvY Kiæb †h, 02
2   ym y  

10. 
x

x
y

ln
 n‡j, cÖgvY Kiæb †h, 32

3ln2

x

x
 y


  

11. xey x cos n‡j, cÖgvY Kiæb †h, 022 12  y+y y  

12. hw` tx cos Ges ty log nq, Z‡e 
2


t Gi Rb¨ cÖgvY Kiæb †h, 0

2

2

2









dx

dy

dx

yd
 

13. xy -1tan n‡j, cÖgvY Kiæb †h,   021 12
2 =xy+y+x  

14.  21sin xy  n‡j, cÖgvY Kiæb †h,   021 12
2  xyyx  

15.  21cos xy  n‡j, cÖgvY Kiæb †h,   021 12
2  xy yx  

16. xaey
1sin 

 n‡j, cÖgvY Kiæb †h,   01 2
12

2  yaxyy-x  
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17. xey
1tan 

 n‡j, cÖgvY Kiæb †h,     0121 12
2  yxyx  

18.  xmy -1sinsin n‡j, cÖgvY Kiæb †h,   01 2
12

2  ymxyyx  

19.  xmy= -1tantan n‡j, cÖgvY Kiæb †h,     0121 12
2  yyxyx  

 
 
 
 
 
 

 AšÍi‡Ki R¨vwgwZK e¨vL¨v 
 

 
cvVwfwËK D‡Ïk¨ 

GB cvV †k‡l Avcwb- 

 
dx

dy
Gi R¨vwgwZK e¨vL¨v cÖ`vb Ki‡Z cvi‡eb, 

 ¯úk©K I Awfj‡¤̂i mgxKiY wbY©q Ki‡Z cvi‡eb| 
 

gyL¨ kã  eμ‡iLv, ¯úk©K,  Awfj¤̂, Xvj 
 

  g~jcvV-  

dx

dy Gi R¨vwgwZK e¨vL¨v 

g‡b Kiæb,  xfy  eμ‡iLvi Dci   x,yP  Ges 
 yyxxQ   ,  ỳBwU wbKUeZx© we› ỳ| hw` Q  we› ỳwU P  we› ỳi 

w`‡K AMÖmi n‡Z _v‡K A_v©r PQ   nq, Z‡e P  Ges Q  we› ỳi 
ms‡hvRK mij‡iLvi mxgv ’̄ Ae ’̄vb‡K(hw` mxgv¯’ gv‡bi Aw Í̄Z¡ 
_v‡K) P  we› ỳ‡Z eμ‡iLvwUi ¯úk©K ejv nq| Q  we› ỳwU P we› ỳi 
†h †Kv‡bv cvk¦© †_‡K ¯úk©K n‡Z cv‡i| 

P  Ges Q  we› ỳMvgx mij‡iLvi mgxKiY 
 
    xx 

xδxx

yδyy
yy 11 




 ‡hLv‡b  11,yx  eμ‡iLvi Dci †h †Kv‡bv we› ỳ| 

ev   xx 
δx

δy
yy 11  . 

hw`  PQ   nq A_v©r 0δx nq, Z‡e PQ ‡Q`KwU mxgv¯’ Ae ’̄vq P we› ỳ‡Z PT  ¯úk©K n‡e| AZGe, 

  ,yxP 11 we› ỳ‡Z ¯úk©‡Ki mgxKiY  1
0

1 lim xx 
δx

δy
yy

δx



 ev   xx

dx

dy
yy 11     





 

 dx

dy

δx

δy
δx 0
lim . 

ev, 





 

dx

dy
xy.x

dx

dy
y 11 hv mij‡iLvi mvaviY mgxKiY cmxy  Gi mv‡_ Zzjbv K‡i cvB

dx

dy
m  . 

cvV 9.12 

X 

Y 

O 
T 

 

P (x,y) 

Q (x+x,y+) 

y  f (x) 
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hw` ¯úk©KwU P we› ỳ‡Z x -A‡ÿi abvZ¡K w`‡Ki mv‡_  †KvY Drcbœ K‡i, Zvn‡j tan
dx

dy
m n‡e| 

dx

dy
 

†K  x,yP we› ỳ‡Z eμ‡iLvi Xvj e‡j| 

we. ª̀.(K) hw` 0
dx

dy
 nq, Z‡e D³ we› ỳ‡Z †iLvwUi ¯úk©K -A‡ÿi mgvšÍivj| 

      (L) hw`  090tan
dx

dy
 nq, Z‡e D³ we› ỳ‡Z †iLvwUi ¯úk©K x -A‡ÿi Dci j¤̂| 

 

¯úk©K I Awfj‡¤̂i mgxKiY  
Dc‡ii Av‡jvPbv †_‡K Avgiv cvB,  xfy   eμ‡iLvi   ,yxP 11  we› ỳ‡Z ¯úk©‡Ki mgxKiY 

  xx
dx

dy
yy 11   †hLb   ,yxP 11 we› ỳ‡Z 

dx

dy
 mÁvwqZ| Avevi, †h‡nZz, ¯úk©K I Awfj¤̂ ci¯úi j¤^, 

myZivs Awfj‡¤^i Xvj n‡e 

dx

dy
1

   11 =m.m  Ges Awfj‡¤̂i mgxKiY  11

1
xx 

dx

dy
yy  ev, 

    011  yy
dx

dy
xx  

 

D`vniY 1: 083222  yx+xy++y x  eμ‡iLvi (1,-2) we› ỳ‡Z ¯úk©K I Awfj‡¤̂i mgxKiY wbY©q Kiæb| 
mgvavb: cÖ`Ë eμ‡iLvi mgxKiY (i)083222 ................yx+xy++y x   
(i)   bs †K x Gi mv‡c‡ÿ AšÍixKiY K‡i cvB, 

003222 
dx

dy
+y+

dx

dy
+x 

dx

dy
y x+       2232  yxxy

dx

dy
  

  











32

22

xy

yx

dx

dy  

 myZivs  21 ,  we› ỳ‡Z  
  3

1

6

2

3122

2212






















.

dx

dy   

  21 ,  we› ỳ‡Z ¯úk©‡Ki mgxKiY: 

   01631
3

1
2 =x+y+x-y+   

073073  yxx+y 	
(1,-2) we› ỳ‡Z Awfj‡¤̂i mgxKiY: 

    02
3

1
1  y++x  0130233  x+y+y+x .	

 

D`vniY 2:   k  Gi gvb KZ n‡j  +xkxy 1 eKª‡iLvi   (1,2) we› ỳ‡Z ¯úk©K x -A‡ÿi mv‡_ 45  †KvY Drcbœ 
K‡i ? 
mgvavb: †`Iqv Av‡Q,   21 kx+kx+xkxy   
x Gi mv‡c‡ÿ AšÍixKiY K‡i cvB,  

kxk+
dx

dy
2    myZivs (1,2)  we› ỳ‡Z kk.k+

dx

dy
312    
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Avevi, †`Iqv Av‡Q,   (1,2) we› ỳ‡Z ¯úk©K x -A‡ÿi mv‡_ 45 †KvY Drcbœ K‡i, A_v©r 145tan =
dx

dy
  

3

1
13  kk        DËi: 

3

1
=k  

 

  
wkÿv_x©i 

KvR 
02 22 =ax+y+x eμ‡iLvi †h mKj we› ỳ‡Z ¯úk©KMywj x -A‡ÿi mv‡_ mgvšÍivj, 

Zv‡`i ’̄vbv¼ wbY©q Kiæb| 
 

 
 cv‡VvËi g~j¨vqb 9.12- 

 

1. 42 23 +xxy  eμ‡iLvi (2,4)  we› ỳ‡Z ¯úk©K I Awfj‡¤̂i mgxKiY wbY©q Kiæb| 

2. 722  yx  eμ‡iLvi (4,-3) we› ỳ‡Z ¯úk©K I Awfj‡¤̂i mgxKiY wbY©q Kiæb| 

3. 053622  yx++yx e„‡Ëi (1,2)  we› ỳ‡Z ¯úk©K I Awfj‡¤̂i mgxKiY wbY©q Kiæb| 

4. 02110622  y+x+yx e„‡Ëi (1,2)  we› ỳ‡Z ¯úk©K I Awfj‡¤̂i mgxKiY wbY©q Kiæb| 

5. 03222  x+yx  eμ‡iLvi †h mKj we›`y‡Z ¯úk©K x -A‡ÿi mgv Í̄ivj, Zv‡`i ’̄vbv¼ wbY©q Kiæb| 

6.  xaxy  223  eμ‡iLvi †h mKj we›`y‡Z ¯úk©K x -A‡ÿi mgv Í̄ivj, Zv‡`i ’̄vbv¼ wbY©q Kiæb| 

7. 2xy   eμ‡iLvi †h mKj we› ỳ‡Z Xvj 1  Zv wbY©q Kiæb| 

8. xy   eμ‡iLvi †h mKj we› ỳ‡Z ¯úk©KMywj x -A‡ÿi mv‡_ 45  †KvY Drcbœ K‡i Zv‡`i ¯’vbv¼ wbY©q 
Kiæb| 
9. 02 22 ax+y+x  eμ‡iLvi †h mKj we› ỳ‡Z ¯úk©K x -A‡ÿi Dci j¤̂, Zv‡`i ’̄vbv¼ wbY©q Kiæb| 

10.   x+xy 22 1  eμ‡iLvi †h mKj we›`y‡Z ¯úk©K x -A‡ÿi Dci j¤̂, Zv‡`i ’̄vbv¼ wbY©q Kiæb| 
 
 
 
 
 ¯^vaxb I Aaxb Pj‡Ki AšÍiK 

 

 
cvVwfwËK D‡Ïk¨ 

GB cvV †k‡l Avcwb- 
 ¯̂vaxb I Aaxb Pj‡Ki AšÍiK eY©bv Ki‡Z cvi‡eb| 

 

gyL¨ kã  ¯̂vaxb PjK, Aaxb PjK, AšÍiK, AbycvZ 
 

  g~jcvV-  
g‡b Kiæb, Aaxb PjK y , ¯̂vaxb PjK x Gi GKwU dvskb A_v©r  xfy  . GLb hw`  xfy   dvsk‡bi 
eKª‡iLvi Dci P Ges Q  ỳBwU we›`yi ’̄vbv¼ h_vμ‡g  x,yP  Ges  yyxxQ   , nq Z‡e 

 xxfyy    
     xfxxfyxxfy    

A_v©r     xfxxfy   . 

cvV 9.13 
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Avevi ¯̂vaxb PjK x Gi AšÍiR δxdx   Ges Aaxb PjK y Gi AšÍiR n‡”Q,  x f=
dx

dy   ev  dxx fdy  .  

myZivs  dx  Ges dy  n‡”Q h_vμ‡g ¯̂vaxb PjK I Aaxb Pj‡Ki AšÍiK(Differentials) hLb Zv‡`i AbycvZ nq 
 x f   hv x we› ỳ‡Z  xfy  †iLvi Xvj| 

 

D`vniY 1: 
3

3x
y  dvsk‡bi  x 2 we› ỳ‡Z AšÍiK AvKvi (Differentials) wbY©q K‡i e¨vL¨v Kiæb| 

mgvavb: †`Iqv Av‡Q, 22
3

3
3

1

3
xx.

dx

dy
   

x
y  . myZivs  dxxdy 2 .  

AZGe, 2x  we› ỳ‡Z dx dxdy 422  . A_v©r 
3

3x
y   †iLvi 2x  we› ỳ‡Z ¯úk©K eivei x Gi e„w× dx  

GKK n‡j y Gi e„w× n‡e dx4  GKK| 
‡hgb: hw` x  Gi e„w× 3dx nq, ZLb ¯úk©K eivei y Gi e„w× n‡e  

1234  ×dy GKK| 
Ges    xfxxfy    
                 232 f+f   

   25 f=f   

3

117

3

8125

3

2

3

5 33




   

AZGe wb‡Y©q AšÍiK dx dy 4  Ges 
3

117
δy . 

 

D`vniY 2: 3x y   dvsk‡bi  x 2 we› ỳ‡Z AšÍiK AvKvi (Differentials) wbY©q K‡i e¨vL¨v Kiæb| 

mgvavb: †`Iqv Av‡Q, 23 3x
dx

dy
   xy  . myZivs  dxxdy 23 .  

AZGe,  x 2 we› ỳ‡Z dx dx.dy 1223 2  . A_v©r 3x y   †iLvi  x 2 we› ỳ‡Z ¯úk©K eivei x  Gi e„w× 
dx  GKK n‡j  y  Gi e„w× n‡e dx12  GKK|  
‡hgb: hw` x	Gi e„w× dx  3	nq, ZLb ¯úk©K eivei y	Gi e„w× n‡e 36312  ×dy GKK| 
Ges     xfxxfy    
             232 f+f   

   25 ff   
1178125   

 
AZGe wb‡Y©q AšÍiK dx dy 36  Ges 117δy . 
 

 
wkÿv_x©i 

KvR 
1

2

2

+
x

y  dvsk‡bi  x 2 we› ỳ‡Z AšÍiK AvKvi ‡_‡K dy Ges δy wbY©q Kiæb 

hLb 4dx  
 
 
 

X 

Y 

O 2 5 

X 

Y 

O 2 5 
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 cv‡VvËi g~j¨vqb 9.13- 

 

1. 1
3

2

+
x

y  dvsk‡bi  x 3 we›`y‡Z AšÍiK AvKvi (Differentials) ‡_‡K dy Ges δy wbY©q Kiæb hLb 

2dx  
2. 2xy  dvsk‡bi  x 1 we› ỳ‡Z AšÍiK AvKvi ‡_‡K dy Ges δy wbY©q Kiæb hLb 2dx  

3. 2+x=y 2 dvsk‡bi 2x  we› ỳ‡Z AšÍiK AvKvi ‡_‡K dy Ges δy wbY©q Kiæb hLb 1dx  

4. xy  dvsk‡bi 9x  we› ỳ‡Z AšÍiK AvKvi ‡_‡K dy Ges δy wbY©q Kiæb hLb 1dx  

5. 1
2

2


x

y dvsk‡bi 2x  we› ỳ‡Z AšÍiK AvKvi ‡_‡K dy Ges δy wbY©q Kiæb hLb 4dx  

 
 
 μgea©gvb I μgn«vmgvb, dvsk‡bi m‡e©v”P I me©wb¤œ gvb 

 

 
cvVwfwËK D‡Ïk¨ 

GB cvV †k‡l Avcwb- 
 μgea©gvb I μgn«vmgvb dvskb e¨vL¨v Ki‡Z cvi‡eb, 
 dvsk‡bi ’̄vbxq Pigwe› ỳ wbY©q Ki‡Z cvi‡eb, 
 Pig gvb msμvšÍ cÖv‡qvwMK mgm¨v mgvavb Ki‡Z cvi‡eb| 

 

gyL¨ kã  μgea©gvb dvskb, μgn«vmgvb dvskb, aªæe dvskb, Pig gvb, Pig we›`y, e¨ewa 
 

  g~jcvV-  

μgea©gvb I μgn«vmgvb dvskb (Increasing and Decreasing function): 
msÁv: g‡b Kiæb,  xfy  dvskbwU  a,b  e¨ewa‡Z msÁvwqZ Ges 21,xx  ‡hLv‡b 21 xx   D³ e¨ewa‡Z †h 
†Kv‡bv ỳBwU we›`y| Zvn‡j D³ e¨ewa‡Z 

(i)  xf †K GKwU μgea©gvb dvskb ejv n‡e hw`    21 xfxf   nq †hLv‡b bxxa  21 . 
(ii)  xf †K GKwU μgn«vmgvb dvskb n‡e hw`    21 xfxf   nq †hLv‡b bxxa  21 . 
(iii)  xf †K GKwU aªæe dvskb ejv n‡e hw`    21 xfxf   nq †hLv‡b bxxa  21 . 

 
 
 
 
 
 
 
 
 

cvV 9.14 

aªæe dvskb 

X 

μgn«vmgvb dvskb μgea©gvb dvskb 

X X 
O O O 

Y Y Y 

a a a x1 x1 

f(x1) 

x2 b x2 x2 b b 

f(x2) 
f(x2) f(x2) f(x1) 

f(x1) f(x1) 

x1 
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Dccv`¨: g‡b Kiæb,  xfy   dvskbwU e× e¨ewa  a,b  ‡Z Awew”Qbœ Ges †Lvjv e¨ewa  a,b  ‡Z 
AšÍixKiY‡hvM¨| Zvn‡j 
(i) hw`   0 x f  ‡hLv‡b  a,bx nq Z‡e  xf †K e× e¨ewa  a,b  †Z Kªgea©gvb dvskb e‡j| 
(ii) hw`   0 x f  ‡hLv‡b  a,bx nq Z‡e  xf †K e× e¨ewa  a,b  †Z Kªgn«vmgvb dvskb e‡j| 
(iii) hw`   0 x f  ‡hLv‡b  a,bx nq Z‡e  xf †K e× e¨ewa  a,b  †Z aªeK dvskb e‡j| 
 

dvsk‡bi Pigwe›`y (Extreme point) 

 xfy   eμ‡iLvi †h mKj we› ỳ‡Z 0
dx

dy
 A_v©r ¯úk©K †iLv x -A‡ÿi mgvšÍivj Zv‡`i †K H eμ‡iLvi Pig 

we› ỳ e‡j| 

myZivs  xfy   eμ‡iLvi Pig we› ỳ wbY©q Ki‡Z n‡j cÖ_‡g 
dx

dy
 †ei Ki‡Z n‡e Ges Zvici Gi gvb k~b¨ a‡i 

mgvavb Ki‡Z n‡e| 
 

dvsk‡bi m‡ev©”P I me©wb¤œ gvb ( Maximum and Minimum value of a function) 
ax  we› ỳ‡Z  xf Gi gvb  af ‡K m‡ev©”P ejv n‡e hw` †h †Kv‡bv ÿz ª̀ abvZ¡K msL¨v h Gi Rb¨ 

   afxf   n‡e †hLv‡b  a-h,a+hx | Abyiycfv‡e ax  we› ỳ‡Z  xf Gi gvb  af ‡K me©wb¤œ ejv n‡e 
hw` †h †Kv‡bv ÿz ª̀ abvZ¡K msL¨v h  Gi Rb¨    afxf  n‡e †hLv‡b  a-h,a+hx | 
 

Pig gvb wbY©‡qi c×wZ 
(i) cÖ_‡g †`Iqv dvskbwU‡K  xf a‡i x Gi mv‡c‡ÿ AšÍixKiY K‡i (x) f   Ges (x)f   wbY©q Ki‡Z n‡e| 
(ii) Gici   0 x f  a‡i x Gi wewfbœ gvb †ei Ki‡Z n‡e| aiæb, gvbMywj a, b, c,…..BZ¨vw`| 
(iii) ax  Gi Rb¨  af   wbY©q Kiæb| hw`   0 af  nq Z‡e ax  Gi Rb¨  xf GKwU me©wb¤œ gvb ev 
jNygvb _vK‡e Ges gvbwU n‡e   af | Avevi hw`   0 af  nq Z‡e ax  Gi Rb¨  xf GKwU m‡ev©”P gvb 
ev Myiygvb _vK‡e Ges gvbwU n‡e  af | GKB fv‡e b,c,…..x  Gi Rb¨ Pig gvb wbY©q Ki‡Z n‡e| 
(iv) hw` ax  Gi Rb¨   0 af  nq Z‡e ax   we› ỳ‡Z dvsk‡bi †Kv‡bv Pig gvb _vK‡e bv| G‡ÿ‡Î 

 xf   Ges  xf iv  wbY©q Ki‡Z n‡e Ges GKB fv‡e   0 xf  a‡i x 	Gi wewfbœ gvb †ei K‡i  xf iv  
emv‡Z n‡e| hw`   0af iv  nq Z‡e ax   Gi Rb¨  xf  Gi GKwU me©wb¤œ gvb ev jNygvb _vK‡e Ges gvbwU 
n‡e  af | Avevi hw`   0af iv  nq Z‡e ax   Gi Rb¨  xf  Gi GKwU m‡ev©”P gvb ev Myiygvb _vK‡e Ges 
gvbwU n‡e  af | 
 

D`vniY 1:   66
2

9 23 x++x+xxf   dvskbwUi Pig we› ỳ Ges Pig gvb wbY©q Kiæb| 

mgvavb: †`Iqv Av‡Q,   66
2

9 23 x++x+xxf  . myZivs   693 2 x++xxf   Ges   96x+xf   

Avgiv Rvwb, Pig we›`y‡Z,   06930 2  x++xxf  ev 0232 =x++x  ev    012 x+x+   
A_v©r 21  ,x  
GLb, 1x we› ỳ‡Z     039161  + f  Ges 2x  we› ỳ‡Z     039262  +f . 
 myZivs 1x  we› ỳ‡Z dvskbwUi gvb me©wb¤œ  
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Ges me©wb¤œ gvb        
2

7
66

2

9
16161

2

9
11 23  +++++ f  Ges 2x  we› ỳ‡Z dvskbwUi gvb 

m‡ev©”P Ges m‡ev©”P gvb         46121886262
2

9
22 23  ++++ +f  

 

D`vniY 2:   2036212 23  x+xxxf dvskbwUi m‡ev©”P I me©wb¤œ gvb wbY©q Kiæb| 
mgvavb: †`Iqv Av‡Q,   2036212 23  x+xxxf .  
myZivs   36426 2 x+xxf   Ges   4212  xx f . 
Avgiv Rvwb, m‡ev©”P I me©wb¤œ gv‡bi Rb¨   0364260 2  x+xxf  ev, 0672  x+x ev,   
   061 x-x- ev, 61,x   
GLb     030421121 <=f   
myZivs 1x we› ỳ‡Z dvskbwUi gvb m‡ev©”P Ges m‡ev©”P 
gvb   3203621220136121121 23  +.+..f  
Avevi,     0304272426126 f  
myZivs 6x we› ỳ‡Z dvskbwUi gvb me©wb¤œ Ges me©wb¤œ 
gvb   1282021675643220636621621 23  +×+××f  
 

D`vniY 3: cÖgvY Kiæb †h, 363 23 x++xx  dvsk‡bi †Kv‡bv jNygvb ev ¸iægvb bvB| 
cÖgvY:  g‡b Kiæb,   363 23 x++xxxf   

         1131123223663
22222 +x+x+xx+xx+xx f   hv me©`vB GKwU abvZ¡K msL¨v| 

myZivs x Gi †Kv‡bv ev¯Íe gv‡bi Rb¨  x f   k~b¨ n‡Z cv‡i bv| wKš‘ jNygvb ev ¸iygvb Gi Rb¨  x f   k~b¨ n‡Z 
n‡e| 
myZivs dvskbwUi †Kv‡bv jNygvb ev ¸iygvb bvB| 
 

D`vniY 4: 2xy  dvskbwU †h e¨ewa‡Z μgea©gvb I μgn«vmgvb Zv wbY©q Kiæb| 
mgvavb: †`Iqv Av‡Q, 2xy   

  x
dx

dy
xf 2  

 0x n‡j,   0 x f nq Ges 
0x n‡j,   0 x f nq| 

Ges 0x we› ỳ‡Z dvskbwU Awew”Qbœ| 
)[0,    e¨ewa‡Z dvskbwU μgea©gvb Ges 

 )[0,   e¨ewa‡Z dvskbwU μgn«vmgvb| 
 

  
wkÿv_x©i 

KvR 
[0,6]e¨ewa‡Z   21292 23  x+xxxf dvsk‡bi m‡ev©”P gvb I me©wb¤œ gvb wbY©q 
Kiæb 

 

 
 cv‡VvËi g~j¨vqb 9.14- 

 

1.   13453 23 x+xxxf  dvskbwUi m‡ev©”P gvb I me©wb¤œ gvb wbY©q Kiæb (hw` _v‡K)| 

2.   596 23 x++xxxf(  dvskbwUi m‡ev©”P gvb I me©wb¤œ gvb wbY©q Kiæb (hw` _v‡K)| 

X 

Y 

O 

y  x2 
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3.   12+xxf   dvskbwUi Pig gvb wbY©q Kiæb (hw` _v‡K)| 

4.   162 3 x+xxf   dvskbwUi Pig gvb wbY©q Kiæb (hw` _v‡K)| 

5.   15  xxf  dvskbwUi ’̄vbxq Pig we›`y wbY©q Kiæb (hw` _v‡K)|  

6. 86
2

1

3

1 23 x+x+x   dvskbwUi m‡ev©”P gvb I me©wb¤œ gvb wbY©q Kiæb (hw` _v‡K)| 

7. (0,2) e¨ewa‡Z 16623 234 x++xxx   dvskbwUi m‡ev©”P gvb I me©wb¤œ gvb wbY©q Kiæb| 

8. cÖgvY Kiæb †h, 
x

xln
 dvsk‡bi m‡ev©”P gvb 

e

1
. 

9. cÖgvY Kiæb †h, 
x

x

ln
 dvsk‡bi m‡ev©”P gvb e . 

10. cÖgvY Kiæb †h, 
x

x+ 
1

 dvsk‡bi ¸iægvb jNygvb A‡cÿv ÿz ª̀Zi| 

11. cÖgvY Kiæb †h, xx e+e 94  dvsk‡bi ÿz ª̀Zi gvb 12. 
12. cÖgvY Kiæb †h, 4246 23 x++xx  dvsk‡bi m‡ev©”P gvb I me©wb¤œ gvb ‡bB| 
13. 52+xy  dvskbwU †h e¨ewa‡Z μgea©gvb I μgn«vmgvb Zv wbY©q Kiæb| 
14. 15x+y  dvskbwU †h e¨ewa‡Z μgea©gvb I μgn«vmgvb Zv wbY©q Kiæb| 
 
 
 
 e¨envwiK 

 

 
cvVwfwËK D‡Ïk¨ 

GB cvV †k‡l Avcwb- 
 wbw`©ó we› ỳi mwbœK‡U dvskbwUi †jL‡K Avmbœfv‡e H we› ỳ‡Z ¯úk©‡Ki †jL Øviv ’̄vqxfv‡e cÖwZ ’̄vcb 

Ki‡Z cv‡i‡eb, 
 dvsk‡bi †jL‡K Avmbœfv‡e ÿz ª̀ ÿz ª̀ mij‡iLvs‡ki mgš^‡q MwVZ †jL Øviv cÖwZ ’̄vcb Ki‡‡Z 

cvi‡eb, 
 ¯̂vaxb PjK I Aaxb Pj‡Ki AšÍi‡Ki ga¨Kvi m¤ú©K e¨envi K‡i Avmbœgvb wbY©q Ki‡Z cvi‡eb| 

 

  g~jcvV-  

wbw`©ó we› ỳi mwbœK‡U dvskbwUi †jL‡K Avmbœfv‡e H we› ỳ‡Z ¯úk©‡Ki †jL Øviv ¯’vqxfv‡e cÖwZ ’̄vcb: 
mgm¨v bs-  ZvwiL:...................... 

mgm¨v:   12+xxf   dvsk‡bi †jLwP‡Î (1,2)  we› ỳi ¯úk©‡Ki †jL cÖwZ ’̄vcb Kiyb| 
 
cÖ‡qvRbxq DcKiY: miæ †cwÝj, †¯‹j, B‡iRvi, QK KvMR, K¨vjKz‡jUi| 
Kvh©c×wZ:  
cÖ`Ë dvskb    (i)……………12  xxfy  
(i)	bs mgxK‡Y x  Gi wewfbœ gv‡bi Rb¨ y  Gi wewfbœ gvb wbY©q Kiæb 
 

cvV 9.15 

X 

Y 

Q 

P 
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x 0 1 -2 3 -3 1 -1 

y 1 2 5 10 10 2 2 

myZivs (-1,2)(1,2),(-3,10),(3,10),(-2,5),(1,2),(0,1),=)(x,y  
QK KvM‡Ri †QvU e‡M©i 5	evû‡K 1 GKK a‡i Dc‡iv³ we› ỳ Mywj ’̄vcb K‡i gy³ n‡ Í̄ †hvM K‡i †jLwPÎwU AsKb 
Kiæb|  
eμ‡iLvi PQ  R¨v Gi P  we› ỳi ’̄vbv¼ (1,2)  Ges  x,yQ  ‡h †Kv‡bv GKwU we›`y| P  we› ỳ‡Z ¯úk©K n‡e PQ 
R¨v Gi mxgv¯’ Ae ’̄vb, A_v©r Q  μgk: P  Gi w`‡K AMÖmi nq Ges Ae‡k‡l P  Gi mv‡_ wgwjqv hvq| 
G‡ÿ‡Î  PQ  †iLv eμ‡iLvwUi GKwU ¯úk©K nq| 
 

dvsk‡bi †jL‡K Avmbœfv‡e ÿz ª̀ ÿz ª̀ mij‡iLvs‡ki mgš̂‡q MwVZ †jL Øviv cÖwZ ’̄vcb: 
mgm¨v bs-  ZvwiL:...................... 

mgm¨v:  5,1  e¨ewa‡Z   12x+xf   dvsk‡bi †jL‡Z Avmbœ ÿz ª̀ ÿz ª̀ mij‡iLvs‡ki mgš̂‡q MwVZ †jL Øviv 
cÖwZ ’̄vcb Kiæb| 
cÖ‡qvRbxq DcKiY: miæ †cwÝj, †¯‹j, B‡iRvi, QK KvMR, K¨vjKz‡jUi| 
Kvh©c×wZ:  
cÖ`Ë dvskbwU GKwU mij‡iLv Ges   5,1  e¨ewa‡Z   12x+xf   dvsk‡bi †jLwPÎ AsK‡bi Rb¨ Gi Dci 
K‡qKwU we›`y wbY©q Kiæb| 

x  1 2 3 4 5 
 xf  3 5 7 9 11 

 
g‡b Kiæb, A (1, 3)	Ges B (5, 11)	 ỳBwU cÖvšÍwe› ỳ| A I B †hvM K‡i 
AB †iLvskwU AsKb Kiæb| 
GLb GB †jL‡K Avmbœ ÿz ª̀ ÿz ª̀ mij‡iLvs‡ki mgš^‡q MwVZ †jL Øviv 
cÖwZ ’̄vcb Kiæb| †h‡nZz, †jLwU GKwU mij‡iLvsk, ZvB ÿz ª̀ ÿz`ª 
mij‡iLvsk †j‡Li mwnZ wgwjqv hvq| 
 
 
¯̂vaxb PjK I Aaxb Pj‡Ki AšÍi‡Ki ga¨Kvi m¤ú©K e¨envi K‡i Avmbœgvb wbY©q: 
mgm¨v bs-  ZvwiL:...................... 

mgm¨v:   32  xxf  dvsk‡bi †ÿ‡Î 2x Gi Rb¨ ¯̂vaxb PjK I Aaxb Pj‡Ki AšÍi‡Ki ga¨Kvi m¤ú©K wbY©q 
Kiyb| 
cÖ‡qvRbxq DcKiY: miæ †cwÝj, †¯‹j, B‡iRvi, QK KvMR, K¨vjKz‡jUi| 
Kvh©c×wZ: 
cÖ`Ë dvskb    (i)……………32  xxf  
(i)	bs mgxK‡Y x  Gi wewfbœ gv‡bi Rb¨ y  Gi wewfbœ gvb wbY©q Kiæb 
x  0 1 -1 2 -2 3 -3 
 xf  3 4 4 7 7 12 12 

 
Avevi,   32  xxfy  

myZivs x
dx

dy
2  ev, x dxdy 2 BnvB AšÍiK AvKvi mgxKiY| 

 2x  n‡j cvB,  dx×dy 22  A_v©r dxdy 4 . 

X 

Y 

B (5, 11) 

A (1, 3) 

O 

X 

Y 

A 

O 

dx 

dy 

y 
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myZivs 32  xy †iLvi 2x  we› ỳ‡Z ¯úk©K eivei x   
Gi dx GKK e„w×i Rb¨ y  Pj‡K dx4  GKK e„w× nq hv 
 wb‡Y©q ¯̂vaxb PjK I Aaxb Pj‡Ki AšÍi‡Ki ga¨Kvi m¤ú©K| 
                    

 
 cv‡VvËi g~j¨vqb 9.15- 

 

1.  ¯̂vaxb PjK I Aaxb PjK ej‡Z Kx ey‡Sb|  
2.    22+xxf  dvsk‡bi †jLwP‡Î  1,2  we› ỳi ¯úk©‡Ki †jL cÖwZ ’̄vcb Kiyb| 
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