
AšÍixKiY Ges †hvMRxKiY 
Differentiation and Integration 

 

 

 
f~wgKv 
Introduction 

Latin Calculary kã n‡Z Calculus k‡ãi DrcwË n‡q‡Q| Calculus k‡ãi A_© ÿz ª̀ ÿz ª̀ bywo ev cv_i| mß`k 
kZ‡Ki †k‡l Bs‡iR weÁvbx Sir Isaac Newton(1643-1727) I Rvgv©b weÁvbx Gottfried Wilheim Leibniz 

(1646-1716) ¯̂vaxbfv‡e K¨vjKzjvm Avwe¯‹vi K‡ib| AšÍixKiY (Diffetentiation) cÖwµqvwU‡Z ¯̂vaxb Pj‡Ki ÿz`ª 
cwieZ©‡b Aaxb Pj‡Ki ÿz ª̀ cwieZ©b a‡i Aaxb I ¯̂vaxb Pj‡Ki ÿz ª̀ cwieZ©b ỳwUi Abycv‡Zi mxgv¯’ gv‡bi 
g~j¨vqb Kiv nq, †hLv‡b ¯v̂axb Pj‡Ki cwieZ©‡bi msL¨v gvb †h †Kvb abvZ¥Kc~Y© msL¨v gvb (Zv hZB ÿz ª̀ †nvK 
bv †Kb) A‡cÿvI ÿz ª̀Zi n‡e| AšÍiKj‡bi mvnv‡h¨ cÖK…Zc‡ÿ ¯̂vaxb Pj‡Ki mv‡c‡ÿ Aaxb Pj‡Ki cwieZ©‡bi 
nvi wbY©q Kiv nq| D`vniY¯̂iƒc, mg‡qi mv‡_ mv‡_ Mvoxi Ae ’̄v‡bi cwieZ©‡bi nvi A_ev Mvoxi †eM e„w×i nvi 
A_ev Pvwn`v e„w×i mv‡_  †Kv‡bv wRwb‡mi g~j¨ e„w×i nvi A_ev †Kv‡bv cixÿvq AskMÖnYKvix wkÿv_x© I cv‡ki 
nvi AšÍixKi‡Yi D`vniY| 
Integration k‡ãi AvwfavwbK A_© n‡jv GKv½xKiY ev mgwóKiY| MvwYwZKfv‡e Integration †K †hvMRxKiY ev 
†hvMRxKiY ejv nq| †hvMRxKiY A_© n‡jv †Kvb e ‘̄i AmsL¨ AwZÿz ª̀ †ÿÎd‡ji mgwó| †hvMRxKiY n‡jv 
mij‡iLv ev eµ‡iLv Øviv Ave× mgZj‡K ÿz ª̀vwZÿz ª̀ As‡k wefw³Ki‡Yi gva¨‡g G‡`i mgwó Øviv mvgwMÖK fv‡e 
Gi †ÿÎdj wbY©q Kivi c×wZ| me©cÖ_g cÖvPxb MÖxK †R¨vwZwe©̀  G‡·vWvm †hvMRxKi‡Yi Kjv‡KŠkj wb‡q 
Av‡jvPbv I M‡elYv K‡ib| G‡·vWvm Rvbv e ‘̄i †ÿÎdj ev AvqZb‡K ÿz ª̀ ÿz ª̀ AmsL¨ L‡Ð wef³ K‡i 
†hvMRxKi‡Yi gva¨‡g †ÿÎdj ev AvqZb wbY©q K‡ib| cieZx©‡Z MÖxK weÁvbx AvwK©wgwWm (287B.C-212B.C) Zv 
ms¯‹vi K‡i e„‡Ëi I Dce„„‡Ëi †ÿÎdj wbY©q K‡ib| G Aa¨v‡q AšÍiR, †hvMRxKiY wb‡q Av‡jvPbv Kiv n‡e| 

 

BDwbU mgvwßi mgq   BDwbU mgvwßi m‡e©v”P mgq 10 w`b 

 

  

 

  

G BDwb‡Ui cvVmg~n 
cvV-9.1: g~j wbq‡g AšÍiR ev AšÍiK mnM 
cvV-9.2: wewfbœ dvsk‡bi AšÍiR ev AšÍiK mnM 
cvV-9.3: ch©vqµwgK AšÍixKiY I g¨vKjwi‡bi Dccv`¨ 
cvV-9.4: AšÍiK mn‡Mi e¨vL¨v Ges µgea©gvb I µgn«vmgvb dvskb 
cvV-9.5: †gvU Avq-e¨q, Mo Avq-e¨q, cÖvwšÍK Avq-e¨q 
cvV-9.6: mgvKjb ev †hvMRxKiY I Zvi m~Îvejx 
cvV-9.7: cÖwZ ’̄vcb c×wZ‡Z †hvMRxKiY 
cvV-9.8: AvswkK fMœvsk Ges Askvqb m~‡Îi mvnv‡h¨ mgvKjb 
cvV-9.9: wbw ©̀ó †hvMRxKiY 
cvV-9.10: e¨emvwqK wm×všÍ MÖn‡Y †hvMRxKi‡Yi cÖ‡qvM  
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 g~j wbq‡g AšÍiR ev AšÍiK mnM 
Differentiation  
 

 
D‡Ïk¨ 

 

G cvV †k‡l Avcwb-  
• AšÍiK mnM Kx Zv e¨vL¨v Ki‡Z cvi‡eb; 
• g~j wbq‡g †Kvb dvsk‡bi AšÍiK mnM wbY©q Ki‡Z cvi‡eb;  
• ỳBwU dvsk‡bi ¸Yd‡ji AšÍiR wbY©q Ki‡Z cvi‡eb; 
• ỳBwU dvsk‡bi fvMd‡ji AšÍiR wbY©q Ki‡Z cvi‡eb; 
• AšÍi‡Ri ¸Yd‡ji I fvMd‡ji m~Î e¨envi K‡i wewfbœ mgm¨vi mgvavb Ki‡Z cvi‡eb| 

Pj‡Ki e„w× 
Increment of variables 

g‡b Kiæb, x †h †Kv‡bv GKwU PjK, hvi gvb 0x †_‡K cwieZ©xZ n‡q 1x  nq; Zvn‡j 0x †K x Pj‡Ki cÖviw¤¢K gvb 

(Initial Value) I 1x  †K x Pj‡Ki AwšÍg gvb (Final Value) ejv nq| AZGe, Pj‡Ki e„w× ( )01 xx −  n‡e| 

†Kv‡bv Pj‡Ki e„w× gvb abvZ¥K I FYvZ¥K ỳB-B n‡Z cv‡i| AwšÍg Pj‡Ki gvb cÖviw¤¢K Pj‡Ki gv‡bi †P‡q †ewk 

n‡j e„w×i gvb abvZ¥K n‡e Ges AwšÍg Pj‡Ki gvb cÖviw¤¢K Pj‡Ki gv‡bi †P‡q Kg n‡j e„w×i gvb FYvZ¥K n‡e| 

x Pj‡Ki e„w×‡K mvaviYZ ∆x (Delta x) ev h Øviv cÖKvk Kiv nq| 

AšÍiR ev AšÍiK mnM (Derivative or Differential Co-efficient): g‡b Kiæb, ( )xfy = , x Gi †h‡Kv‡bv 
GKgvb wewkó dvskb hv [a,b] †h‡Kv‡bv GKwU wbw ©̀ó mxgvq Awew”Qbœ| hw` cÖ̀ Ë mxgvq ¯̂vaxb PjK x Gi ÿz ª̀Zg 
e„w× ∆x Gi Rb¨, Aaxb PjK y Gi e„w× ∆y nq Z‡e, ∆y=y+∆y−y=f(x+∆x)−f(x) 

myZivs, x we› ỳ‡Z Aaxb PjK I ¯̂vaxb Pj‡Ki e„w×i AbycvZ:
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Gi mv‡c‡ÿ AšÍiR ev AšÍiK mnM ejv nq| G‡K mvaviYZ
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ev ( )xf ′  ev 1y Øviv cÖKvk Kiv nq| 

myZivs, x we› ỳ‡Z )(xfy = dvsk‡bi x Gi mv‡c‡ÿ AšÍiK mnM n‡jvÑ 

dx

dy

 
ev { })(xf

dx

d

 
ev ( )

x

xfxxf
xf

x ∆

−∆+
=′

→∆

)()(
lim

0
 

GLb, hx =∆  n‡j, ( )
h

xfhxf
xf

h

)()(
lim

0

−+
=′

→  
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g~j wbq‡g KZ¸‡jv Av`k© dvsk‡bi AšÍiR ev AšÍiK mnM wbY©q 

(i) 0
)(

=
dx

cd  †hLv‡b, aªæeK dvskb| 

cÖgvY: g‡b Kiæb, cxf =)( chxf =+∴ )(  

g~j wbq‡g AšÍi‡Ri msÁv n‡Z cvB, 
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(ii) g~j wbq‡g nx  Gi AšÍiR wbY©q| 

cÖgvY: g‡b Kiæb, ( ) n
=xxf  myZivs ( ) ( )n

hxhxf +=+  

g~j wbq‡g AšÍi‡Ri msÁv n‡Z cvB, ( )
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(iii) g~j wbq‡g mxe  Gi AšÍiR wbY©q 

cÖgvY: g‡b Kiæb, ( ) mx
exf = .   ( ) )( hxm

ehxf
+=+∴  
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(iv) g~j wbq‡g mxa Gi AšÍiR wbY©q Kiæb| 

cÖgvY: g‡b Kiæb, ( ) mx
axf = . ( ) )( hxm
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+=+∴  

g~j wbq‡g AšÍi‡Ri msÁv n‡Z cvB, 
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cÖgvY: g‡b Kiæb, ( ) mxxf elog= Ges ( ) )(log)(log mhmxhxmhxf ee +=+=+  
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(vi) mxmmx
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cÖgvY: g‡b Kiæb, ( ) mxxf sin=  Ges ( ) )sin()(sin mhmxhxmhxf +=+=+  
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myZivs, xx
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(vii) g~j wbq‡g xcos  Gi AšÍiR wbY©q 

cÖgvY: g‡b Kiæb, ( ) xxf cos= . ( ) ( )x+hx+hf cos=∴  
g~j wbq‡g AšÍi‡Ri msÁv n‡Z cvB, 
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(vii) g~j wbq‡g xtan Gi AšÍiR wbY©q Kiæb| 

cÖgvY: g‡b Kiæb, ( ) xxf tan= . ( ) ( )x+hx+hf tan=∴  
g~j wbq‡g AšÍi‡Ri msÁv n‡Z cvB, 
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D`vniY 1: g~j wbq‡g x  Gi AšÍiR wbY©q Kiæb| 

mgvavb: g‡b Kiæb, ( ) xxf = ( ) hxhxf +=+∴  
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AšÍi‡Ri ag©vejx (Properties of Derivative) 

(K) hw` u AšÍixKiY‡hvM¨ †h‡Kv‡bv GKwU dvskb Ges c aªæeK nq; Z‡e 
dx

du
ccu

dx
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=)(  

(L) hw` u I v Df‡qB AšÍixKiY‡hvM¨ †h‡Kv‡bv ỳBwU dvskb nq; Z‡e  
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D`vniY 2: x Gi mv‡c‡ÿ x+e a

x log2 dvskbwUi AšÍiR wbY©q Kiæb| 
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D`vniY 4: tGi mv‡c‡ÿ tt+t sin7secln − dvskbwUi AšÍiR wbY©q Kiæb| 
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ỳBwU dvsk‡bi ¸Yd‡ji AšÍiR 
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myZivs, ỳBwU dvsk‡bi MyYd‡ji AšÍiR = 1g dvskb × 2q dvsk‡bi AšÍiR + 2q dvskb × 1g dvsk‡bi AšÍiR|  

ỳBwU dvsk‡bi fvMd‡ji AšÍiR: hw` u Ges v Dfq x Gi dvskb nq, Z‡e 
( ) ( )

2

d d
v u u v

d u dx dx

dx v v

−
 

=  
 

cÖgvY: g‡b Kiæb, ( )xfu =  Ges ( )xgv =  Ges ( )xF
v

u
=  
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( ) ( )
( )xg

xf
xF =

 
Ges ( ) ( )

( )hxg

hxf
hxF

+

+
=+  

g~j wbq‡g AšÍi‡Ri msÁv n‡Z cvB, 

( )[ ] ( ) ( )
h

xFhxF
=xF

dx

d

h

−+
→0

lim  

( )
( )

( )
( )

( )
( )

( )
( ) 









+

+−+
=








−

+

+








→→ g(x)hxg

h)f(x)g(xg(x)hxf

hxg

xf

hxg

hxf

h
=

xg

xf

dx

d

hh

1
lim

1
lim

00
 

( )
( ) 









+

+−+−+
=

→ g(x)hxg

h)f(x)g(xf(x)g(x)f(x)g(x)g(x)hxf

hh

1
lim

0
 

( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

0

1
lim
h

f x h g x f x g x f x g x h f x g x

g x h g x h h→

 + − + − 
= − 

+  
 

( )
( ) ( )






 −+
−

−+

+
=

→→→ h

g(x)hxg
f(x).

h

f(x)hxf
g(x).

g(x)hxg hhh 000
limlim

1
lim  

[ ]
[ ] [ ]





−= g(x)

dx

d
f(x)f(x)

dx

d
g(x)

g(x)
2

1
[ ] [ ]

( )[ ]2
xg

g(x)
dx

d
f(x)f(x)

dx

d
g(x) −

=
( ) ( )

2

d d
v u u v

dx dx

v

−
=  

( ) ( )
2

d d
v u u v

d u dx dx

dx v v

−
 

∴ =  
 

myZivs, ỳBwU dvsk‡bi fvMd‡ji AšÍiR
( )2ni

AšÍiR iin‡je-AšÍiR eij‡ni ××
=  

D`vniY 3: x  Gi mv‡c‡ÿ ( )xe
dx

d x sin Gi AšÍiR wbY©q Kiæb| 

mgvavb: ( )xe
dx

d x sin  

( ) ( )xx e
dx

d
xx

dx

d
e sinsin += ( ) xx

xexe sincos +=
xx xexe sincos += ( )xxe

x sincos +=  

∴wb‡Y©q mgvavb, ( ) ( )xxexe
dx

d xx sincossin +=  

D`vniY 4: x Gi mv‡c‡ÿ 








xdx

d x 1
10 Gi AšÍiR wbY©q Kiæb| 

mgvavb: 








xdx

d x 1
10 ( )xx

dx

d

xxdx

d
10

11
10 +








= 10ln.10.

1

2

1
10 xx

xxx
+








−=  









+−= 10ln

2

110

xx

x

 

∴wb‡Y©q mgvavb, 







+−=








10ln

2

1101
10

xxxdx

d x
x  
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D`vniY 5: x  Gi mv‡c‡ÿ 








+

−

1

1

x

x

dx

d Gi AšÍiR wbY©q Kiæb| 

mgvavb: 








+

−

1

1

x

x

dx

d  

( ) ( ) ( ) ( )

( )2
1

1111

+

+−−−+
=

x

x
dx

d
xx

dx

d
x

 

( ) ( ) ( ) ( )
( )2

1

01.101.1

+

+−−−+
=

x

xx

( ) ( )22
1

2

1

11

+
=

+

+−+
=

xx

xx  

∴wb‡Y©q mgvavb,
( )2

1

2

1

1

+
=









+

−

xx

x

dx

d

 

D`vniY 6: x  Gi mv‡c‡ÿ 
x

x

cos1

sin1

+

+

 
dvsk‡bi AšÍiR wbY©q Kiæb| 

mgvavb:
( ) ( ) ( ) ( )

( )2
cos1

cos1sin1sin1cos1

cos1

sin1

x

x
dx

d
xx

dx

d
x

x

x

dx

d

+

++−++
=









+

+  

2)cos1(

)sin0)(sin1()cos0)(cos1(

x

xxxx

+

−+−++
=

 

2)cos1(

sin)sin1(cos)cos1(

x

xxxx

+

+++
= [ ]1sincos

)cos1(

1sincos

)cos1(

sinsincoscos 22

22

22

=+
+

++
=

+

+++
= xx

x

xx

x

xxxx
Q  

 mvims‡ÿc:  

• x we› ỳ‡Z )(xfy = dvsk‡bi x Gi mv‡c‡ÿ AšÍiK mnM n‡jvÑ ( )
h

xfhxf
xf

h

)()(
lim

0

−+
=′

→
 

• ( ) 1−= nn nxx
dx

d
, ( ) xx

dx

d
sincos −= , ( ) mxmmx

dx

d 2sectan =  

• ̀ yBwU dvsk‡bi MyYd‡ji I fvMd‡ji AšÍiR ( ) ( ) ( )u
dx

d
+vv

dx

d
uuv

dx

d
= Ges

( ) ( )
2

d d
v u u v

d u dx dx

dx v v

−
 

=  
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 wewfbœ dvsk‡bi AšÍiR ev AšÍiK mnM 
Derivativesof different functions 
 

 
D‡Ïk¨ 

 

G cvV †k‡l Avcwb-  
• ms‡hvwRZ dvsk‡bi AšÍiR wbY©q Ki‡Z cvi‡eb; 
• wecixZ e„Ëxq dvsk‡bi AšÍiK mnM wbY©q Ki‡Z cvi‡eb; 
• jMvwi`‡gi mvnv‡h¨ AšÍiK mnM ev AšÍiR wbY©q Ki‡Z cvi‡eb; 
• Ae¨³ dvsk‡bi AšÍiK mnM wbY©q Ki‡Z cvi‡eb| 

 ms‡hvwRZ dvsk‡bi AšÍiR 
 Derivatives of composite functions 

g‡b Kiæb, )(zfy = Ges )(xgz =  PjK zyx ,, ÿz ª̀Zg cwieZ©b zyx ∆∆∆ ,,
 
n‡j, 0→∆x Gi Rb¨ 0→∆z

n‡e| 

x

z

z

y

x

y

∆

∆
×

∆

∆
=

∆

∆
∴  

⇒⇒⇒⇒
x

z

z

y

x

y

xzx ∆

∆
×

∆

∆
=

∆

∆

→∆→∆→∆ 000
limlimlim  

dx

dz

dz

dy

dx

dy
.=∴ , Abyiƒcfv‡e, 

dx

dv

dv

du

du

dy

dx

dy
..=

 
BZ¨vw`| 

G‡K AšÍixKi‡Y ivwk Kjwbqg I ejv nq| A‡bK mgq G‡K dvsk‡bi AšÍixKiY I ejv nq| 

D`vniY 1: x Gi mv‡c‡ÿ )5ln(tan x Gi AšÍiR wbY©q Kiæb| 
mgvavb: g‡b Kiæb, )5ln(tan xy = , xu 5tan= Ges xv 5=  

uy ln= , vu tan=  

udu

dy 1
= , v

dv

du 2sec= , 5=
dx

dv

 

myZivs, 
dx

dv

dv

du

du

dy

dx

dy
..= 5.sec.

1 2 v
u

=
x

x

5tan

5sec
5

2

=
 

D`vniY 2: x Gi mv‡c‡ÿ (K) xsin         (L) xsin  Gi AšÍiR wbY©q Kiæb| 
mgvavb:(K) xsin   
g‡b Kiæb, xy sin=  ⇒⇒⇒⇒ xzzy ==  b,hLv‡†  ,sin  
⇒⇒⇒⇒

xdx

dz
z

dz

dy

2

1
,cos ==    

dy dy du

dx du dx
∴ = ⋅   

x
x

x
z

2

1
.cos

2

1
.cos ==   

 

(L) xsin  
g‡b Kiæb, xy sin=  ⇒⇒⇒⇒ xzzy sin, ==  b,hLv‡†   
 

zdz

dy

2

1
=∴ x

dx

dz
cos=∴

 

GLb, dy dy du

dx du dx
= ⋅

 

x

x
x

z sin2

cos
cos.

2

1
==  

cvV-9.2 
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wecixZe„Ëxq dvsk‡bi AšÍiR (Derivatives of Inverse Circular Function): g‡b Kiæb, BAf →: Ges hw` 
By∈  nq Zvn‡j y Gi wecixZ dvskb‡K )(1

yf
− Øviv m~wPZ Kiv nq Ges )(1

yf
− n‡jv A †m‡Ui H Dcv`vb¸‡jv 

hvi   y.Image  
A_©vr hw` BAf →: nq Z‡e { }yxfAxxyf =∈=− )(:)(1  Ges  

cÖwZÁv: hw` )(xfy =  †h‡Kv‡bv dvskb nq Ges xyf =− )(1 cvIqv hvq Z‡e
1

0, 0
dy dx dy

dxdx dy dx

dy

 
= ≠ ≠ 

 
 

cÖgvY: g‡b Kiæb, )(xfy =
 
dvsk‡bi wecixZ dvskb )(ygx = Ges )(xfy =

 
dvskbwUi x we› ỳ‡Z Ak~b¨ AšÍiR 

we`¨gvb Ges )(ygx =
 
dvskbwUi y we› ỳ‡Z Ak~b¨ AšÍiR Av‡Q| Zvn‡j, x Gi AwZÿy ª̀ e„w× x∆ Ges y Gi 

ÿz ª̀Zg e„w× y∆  n‡e| 
GLb, 0  ,0 →∆∴→∆ yx  

x

y

dx

dy

x ∆

∆
=∴

→∆ 0
lim

 
Ges 

y

x

dy

dx

y ∆

∆
=

→∆ 0
lim  

GLb 1. =
∆

∆

∆

∆

y

x

x

y

 

1lim.lim
00 →∆→∆

=








∆

∆

∆

∆
∴

xx y

x

x

y
 

⇒⇒⇒⇒
x

y

x ∆

∆

→∆ 0
lim .

y

x

y ∆

∆

→∆ 0
lim = 1 

⇒⇒⇒⇒
dx

dy
.

dy

dx
= 1 ∴ =

dy

dx

1 (cÖgvwYZ) 

D`vniY 3: wecixZ e„Ëxq dvskb¸‡jvi AšÍiK mnM wbY©q Kiæb: (K) x1sin−    (L) ( )21 12cos xx −−  

mgvavb: (K) g‡b Kiæb, xy
1sin−= yx sin=∴

 

Zvn‡j, y
dy

dx
cos=     

GLb 
dx

dy
=

y

dy

dx sin

11

−
=  

yy 22 sin1

1

cos

1

−
==   

  

 ev,
21

1

xdx

dy

−
=

 

2

1

1

1)(sin

xdx

xd

−
=∴

−

 
 

 

(L) g‡b Kiæb,
 

( )21 12cos xxy −= −

 
Avevi, θsin=x x1sin−=∴θ  

( )θθ 21 sin1sin2cos −= −

dx

dy
 

 
( )θθ cossin2cos 1−= ( )θ2sincos 1−=  

 θ
π

θ
π

2
2

2
2

coscos 1 −=
















−= −  

ev, θ
π

2
2

−=y xy 2sin2
2

−−=∴
π  

Zvn‡j, 







−= −

x
dx

d

dx

dy 2sin2
2

π  

( )x
dx

d 2sin20 −−=
21

1
2

x−
−=

21

2

x−
−=  

 
     

dx

dy
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D`vniY 4: x mv‡c‡ÿ ( )x
1sintan − Gi AšÍiK mnM wbY©q Kiæb|  

mgvavb: g‡b Kiæb, ( )xy
1sintan −=

 
Avevi, θ=− x1sin  

⇒⇒⇒⇒ θtan=y
   

⇒⇒⇒⇒ x=θsin  

⇒⇒⇒⇒
21 x

x
y

−
=  

⇒⇒⇒⇒
( )

( )22

22

1

1)(1

x

x
dx

d
xx

dx

d
x

dx

dy

−

−−−
=  

⇒⇒⇒⇒
( )

( )22

2

2

2

1

1
12

1
1.1

x

x
dx

d

x
xx

dx

dy

−

−
−

−−

=  

⇒⇒⇒⇒
( )

( )2

2

2

1

2
12

1

x

x
x

x
x

dx

dy

−

−
−

−−

=  

⇒⇒⇒⇒ ( )2

2

22

1

1

1

x

x

xx

dx

dy

−

−

+−

=  

⇒⇒⇒⇒
( )( )22 11

1

xxdx

dy

−−
=

 

⇒⇒⇒⇒
( ) ( )

( ) 2

3
2

2

3
22

1
12

1

1

1

1

1 −

+

−=

−

=

−

= x

xx
dx

dy
r 

jMvwi`‡gi mvnv‡h¨ AšÍiK mnM ev AšÍiR wbY©q (Derivative using Logarithmic function): hw` †Kv‡bv 
GKwU dvsk‡bi m~PK wb‡RB PjK m¤̂wjZ dvskb ev ỳB ev Z‡ZvwaK dvsk‡bi ¸Y ev fvM AvKv‡i _v‡K, Z‡e †mB 
mg Í̄ dvsk‡bi AšÍiK mnM wbY©q Ki‡Z jMvwi`g e¨envi Ki‡Z nq| GLv‡b jMvwi`g ej‡Z cÖvK…wZK jMvwi`g‡K 
†evSv‡bv n‡q‡Q| 
D`vniY 5: x mv‡c‡ÿ xx Gi AšÍiK mnM wbY©q Kiæb|  
mgvavb: g‡b Kiæb, x

xy =
 

x
xy lnln =∴     ⇒⇒⇒⇒ xxy lnln =  

x mv‡c‡ÿ AšÍixKiY K‡i cvB, )(ln)(ln
1

x
dx

d
xx

dx

d
x

dx

dy

y
+=  

                ⇒⇒⇒⇒ 1.ln
1

.
1

x
x

x
dx

dy

y
+=

 

                ⇒⇒⇒⇒ x
dx

dy

y
ln1

1
+=

 

                ⇒⇒⇒⇒ )ln1()ln1( xxxy
dx

dy x +=+=  

Ae¨³ dvsk‡bi AšÍiK mnM wbY©q (Derivative of Implicit function): hw` †Kv‡bv dvskb 0),( =yxf AvKv‡i 
_v‡K A_©vr dvskbwU‡K )(xfy =

 
A_ev )(yfx = AvKv‡i cÖKvk Kiv hvq bv, Z‡e G ai‡Yi dvskb‡K Ae¨³ 

dvskb ejv nq| †hgb: ,0433 =++ xyyx 02 =++ xyx
xy BZ¨vw` Ae¨³ dvskb| Ae¨³ dvskb mg~‡ni 

θ
 21 x−

 

x1
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AšÍiK mnM wbY©q Ki‡Z x †K cwieZ©bkxj Ges y †K x Gi dvskb we‡ePbv K‡i cÖ‡Z¨K c`‡K Avjv`v Avjv`v 

fv‡e AšÍixKiY K‡i 
dx

dy

 
wbY©q Ki‡Z nq|

 

D`vniY 6: 2sin xyx =+
 
mgxKiY †_‡K 

dx

dy

 
wbY©q Kiæb|  

mgvavb: cÖ̀ Ë dvskb, 2sin xyx =+
 

 x mv‡c‡ÿ AšÍixKiY K‡i cvB, x
dx

dy
y

x
2cos

2

1
=+  

  ev,
x

x
dx

dy
y

2

1
2cos −=

 

 ev, 
y

x
x

dx

dy

cos

2

1
2 −

=  

civwgwZ mgxKi‡Yi mvnv‡h¨ AšÍiK mnM wbY©q (Derivative using Parametric Equation): A‡bK mgq 
mgxKi‡Y x I y Gi mivmwi m¤úK© we`¨vgvb bv _vK‡j Zv‡`i‡K m¤úwK©ZKivi Rb¨ mgxKi‡Y Z…Zxq PjK †bqv 
nq Ges Z…Zxq PjK Øviv x I y †K m¤úwK©Z Kiv nq| GB PjK‡K civwgwZ (Parameter) Ges mgxKiYwU‡K 
civwgwZK mgxKiY ejv nq| civwgwZK mgxKiY †_‡K AšÍiK mnM wbY©q Ki‡Z mvaviYZ civwgwZi mv‡c‡ÿ 
AšÍiK wbY©q Ki‡Z nq| G‡ÿ‡Î civwgwZ Acmi‡Yi cÖ‡qvRb nq bv| 

D`vniY 7: θθ 33 sin,cos ayax ==
 
n‡j  

dx

dy

 
wbY©q Kiæb|  

mgvavb: θ3cosax =      Ges θ3sinay =  

( )θ
θ

θ
θ

coscos3 2

d

d
a

d

dx
=∴     ( )θ

θ
θ

θ
sinsin3 2

d

d
a

d

dy
=  

)sin(cos3 2 θθ −= a θθ sincos3 2a−=    θθ cossin3 2a=  

Zvn‡j, 
θ

θ

θθ

θθ

θ

θ
cos

sin

sincos3

cossin3
2

2

−=
−

==
a

a

d

dx
d

dy

dx

dy
 

 θtan−=∴
dx

dy
 

 mvims‡ÿc:  

• ms‡hvwRZ dvsk‡bi AšÍiR 
dx

dv

dv

du

du

dy

dx

dy
..=  

• wecixZ e„Ëxq dvsk‡bi AšÍiR hw` BAf →:  nq Z‡e { }yxfAxxyf =∈=− )(:)(1  Ges  
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 ch©vqµwgK AšÍixKiY I g¨vKjwi‡bi Dccv`¨                                  
Successive Differentiation and Maclaurins Theorem 
 

 
D‡Ïk¨ 

 

G cvV †k‡l Avcwb-  
• ch©vqµwgK AšÍixKiY e¨vL¨v Ki‡Z cvi‡eb; 
• g¨vKjwi‡bi Dccv`¨ eY©bv Ki‡Z cvi‡eb; 
• g¨vKjwi‡bi Dccv`¨ e¨envi K‡i mgm¨v mgvavb Ki‡Z cvi‡eb| 

 

chv©qµwgK AšÍixKiY 
Successive Derivatives 

g‡b Kiæb, y = f(x), x Gi †h‡Kvb GKwU dvskb hv Awew”Qbœ I †h‡Kv‡bv msL¨K evi AšÍixKiY †hvM¨| Zvn‡j 
y=f(x) dvsk‡bi n Zg AšÍixKi‡Y e¨eüZ cÖZxK mg~n n‡e wb¤œiƒc: 
��
��  =  �

��{f(x)} = )(xf ′  = D1 (x) = )(xD′ = yD  = 1y …BZ¨vw` x Gi mv‡c‡ÿ y Gi cÖ_g AšÍixKiY| 
���
���= �

�� 	��
��
= f′′(x) =D2(x) == ( )D x′′ = D

2
y = D

′′
(x) = 2y BZ¨vw` x Gi mv‡c‡ÿ wØZxq y Gi AšÍixKiY| 

���
���= �

�� 	���
���
  = f′′′(x) = �
(x) = ( )D x′′′ =D

3
y =D

3
(x) =y3 BZ¨vw` x Gi mv‡c‡ÿ Z…Zxq y Gi AšÍixKiY| 

���
���= �

�� 	�����
� 
=f

n
(x)= Dn(x) = D

n
y = D

n
(x) =yn…BZ¨vw` x Gi mv‡c‡ÿ y Gi n Zg AšÍixKiY wb‡`k© K‡i|  

GLv‡b, 2q evi AšÍixKiY n‡jv cÖv_g AšÍixKiY‡K x Gi mv‡c‡ÿ cybivq AšÍixKiY Kiv| †Zgwb Z…Zxq evi 
AšÍixKiY n‡jv 2q ev‡i cÖvß gvb‡K cybivq x Gi mv‡c‡ÿ AšÍixKiY Kiv| Abyiƒcfv‡e n-Zg AšÍixKiY wbY©‡q 
(n−1) Zg evi cÖvß AšÍixKi‡Y cÖvß djvdj‡K cyibivq AšÍixKiY Kiv| 
hw` y = f(x), x Gi †h‡Kv‡bv dvskb nq hv Awew”Qbœ I  †h‡Kv‡bv msL¨K evi AšÍixKiY‡hvM¨ n‡j dvskbwUi n Zg 
AšÍixKiY wbY©q Ki‡Z dvskbwU‡K 1g evi, 2q evi, 3q evi -----(n−1)Zg evi AšÍiixKiY Kivi ci Zvi n Zg 
AšÍixKiY yn wbY©q Ki‡Z nq| AšÍixKi‡Yi GB chv©qµwgK KvRwU‡KB chv©qµwgK AšÍixKiY ejv nq| GLv‡b 

D‡jøL¨ †h, = 
�

��†K Differential Openator ejv nq| 

D`vniY 1: y =x
m
, m>n n‡j yn wbY©q Kiæb| 

mgvavb: cÖ̀ Ë dvskb y =x
n Ges x Gi mv‡c‡ÿ AšÍixKiY K‡i cvB, 

��
�� = y1 =mx

m-1
 

���
��� =y2 =m(m−1)x

m-2 
���
��� = y3 =m(m−1)(m−2)x

m-3
 

���
���=  yn =m(m−1)(m−2)(m−3)….. (m−m+1)x

m-n
 

= 
��������������
�…..�������������������….
.�.�

������������……
.�.� x
m-n 

= �!
�����!x

m-n
yn =

�!
�����!x

m-n 

cvV-9.3 
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D`vniY 2:  y = x
n n‡j yn wbY©q Kiæb| 

mgvavb: †`Iqv Av‡Q y =x
n 

x Gi mv‡c‡ÿ AšÍixKiY K‡i cvB ��
�� = y1 =nx

m-1 

���
���=  y2 =n(n−1)xn

-2 
���
���=  y3 =n(n−1)(n−2)x

n-3
 

���
���  =yn =n(n−1)(n−2)(n−3)….. 3.2.1 x

n-n 

=n(n−1)(n−2)x
n-3

(n−3)….. 3.2.1 

myZivs, yn =n! 

D`vniY 3: y=e
ax  n‡j yn  wbY©q Kiæb| 

mgvavb: †`Iqv Av‡Qy=e
ax

, x Gi mv‡c‡ÿ 
AšÍixKiY K‡i cvB 
��
�� = y1 =ae

ax 

���
���=y2 =a

2
e

ax
 

���
��� =y3 =a

3
e

ax 

���
��� = yn =a

n
e

ax 

myZivs,yn =a
n
e

ax 

D`vniY 4: (K) y=e
ax

sinbx n‡j yn  wbY©q Kiæb|  (L) y=e
ax

cosbx n‡j yn wbY©q Kiæb| 

mgvavb: (K) y=e
ax

sinbx  ….. (i)    (L) y=e
ax

cosbx……….. (i) 

(i)  x-Gi mv‡c‡ÿ AšÍixKiY K‡i cvB,   (i)  x Gi mv‡c‡ÿ AšÍixKiY K‡i cvB, 
y1 =ae

ax
sinbx +be

ax
cosbx    y1 = ae

ax
cosbx−be

an
sinbx 

= e
ax(

sinbx +bcosbx)          = e
ax

(acosbx−bsinbx) 

g‡b Kiæb, a =rcos�I b=rsin�    g‡b Kiæb, a =rcos�I b=rsin� 

Zvn‡j a2
+b

2
 =r

2
(sin

2� +cos
2�) =r

2   Zvn‡ja
2
+b

2
= r

2
(sin

2� +cos
2�) = r

2
 

∴r = √ � + "�Gestan � = 
#
$    ∴r = √ � + "�Gestan � = "  %  

� = tan
−1

("  % )      � = tan
−1

("  % ) 

∴y1 =re
ax

(cos�sinbx + sin�cosbx)    ∴y1 =re
ax

(cos�cosbx− sin�sinbx) 

y1 =re
ax

sin (bx + �)     =re
ax

cos (bx + �) 

cybivq AšÍixKiY K‡i     cybivq AšÍixKiY K‡i 

y2 =r[ae
ax

sin (bx + �)+be
ax

 cos (bx+ �)]   y2 =r[ae
ax

cos (bx + �) −be
ax

sin (bx+ �)] 

=r
2
e

ax
[cos � sin(bx + �)+sin�.cos (bx+ �)]  =r

2
e

ax
[cos � cos(bx + �) − sin�.sin (bx+ �)] 

y2 =r
2
e

ax 
sin (bx +2�)     y2 =r

2
e

ax 
cos (bx +2�) 

y3 =r
3
e

ax
sin (bx +2�)     y3 =r

3
e

ax
cos (bx + 3�) 

yn =r
n
e

ax
sin (bx +n�)      yn =r

n
e

ax
cos (bx +n�)     

∴yn =(√ � + "�)
n
e

ax
sin (bx+ntan

-1"  % )   ∴yn=(√ � + "�)
n
e

ax
 cos (bx+ntan

-1"  % ) 

D`vniY 5: hw` y=a sin nx+ b cos nx nq, Z‡e cÖgvY Kiæb †h, �
��

��� + n
2
y = 0 

mgvavb: †`Iqv Av‡Q, y=asinnx+ bcosnx 

��
�� =ancosnx –bn sin nx 

cybivq x Gi mv‡c‡ÿ AšÍixKiY K‡i cvB, 
���
��� = –an

2
 sin nx – bn

2
 cos nx = – n

2
 (asinnx – b cos nx) 

 &2(
&)2 = −n

2
 y 

  ∴ &2(
&)2 +n

2
y = 0 (cÖgvwYZ) 
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g¨vKjwi‡bi Dccv`¨ (Maclaurins Theorem): hw` y = f(x), x Gi †h‡Kv‡bv GKwU dvskb nq hv †hv‡Kv‡bv 
msL¨Kevi x Gi mv‡c‡ÿ AšÍixKiY‡hvM¨ Ges f(x) †K x Gi µgea©gvb kw³i GKwU Amxg avivq we Í̄vi Kiv hvq| 
Z‡e f(x) dvskbwU‡K wb¤œiƒ‡c †jLvhvq- 

f(x) = f(0) + )(xfx ′  +  
��
�! )(xf ′′ +…. +  

��
�! )(xf

n + …… ∞  G‡K g¨Kjwi‡bi Dccv`¨ ejv nq| 

cÖgvY: †h‡nZz f(x) dvskb‡K x Gi µgea©gvb kw³i GKwU Amxg avivq we Í̄…Z Kiv hvq Kv‡RB; 
g‡b Kiæb, f(x) =a0 +a1x + a2x

2
 +a3x

3
 +a4x

4
 +… +anx

n
+……(i) 

(i)bs †K x Gi mv‡c‡ÿ chv©qµ‡g AšÍixKiY K‡i cvB, 
)(xf ′ =a1 +2a2x +3a3x

2
 +4a4x

3
 + …. (ii) 

)(xf ′′ = 2a2 +6a3x +12a4x
2
 +…………(iii) 

)(xf ′′′ = 6a3 + 24a4x +……….………. (iv) 

GLb x=0 ewm‡q cvB, 
)0(f =  a0 )0(f ′ =a1, )0(f ′′ = 2a2 =2!a2 

)0(f ′′′ =6a3 = 3!a3 ….. )0(nf =n! an 

GLba0, a1, a2, a3, .… anGi gvb (i) bs ewm‡q cvB, 

f(x) = f(0) +x )0(f ′ +  
��
�! )0(f ′′ ) + 

��

! )0(f ′′′ +…. +  

��
�! )0(nf + 

D`vniY 6: gvKjwi‡bi Dccv‡`¨i mvnv‡h¨ emx †K AbšÍ avivq we Í̄…Z Kiæb| 
mgvavb: g‡b Kiæb,f(x) = e

mx
 

)(xf ′ =me
mx

  )0(f ′ = m 

)(xf ′′ =m
2
e

mx
  )0(f ′′ = m

2
 

)(xf ′′′ =m
3
e

mx  )0(f ′′′ = m
3 

g¨Kjwi‡bi Dccv`¨ †_‡K cvB 

f(x) = f(0) +x )0(f ′ +  
��
�! )0(f ′′ + 

��

! )0(f ′′′ +….  

e
mx

=1+ mx + 
����

�!   +
����


!    + … 

 

D`vniY 7: g¨vKjwi‡bi avivi mvn‡h¨ cos x †K x Gi 
µg D”P kw³i AbšÍavivq we Í̄…Z Kiæb| 
mgvavb: g‡b Kiæb, 
 f(x) =cos x ∴f(0) =1   

)(xf ′ =sin x ∴f
′
(0) =0   

)(xf ′′ = − cos x ∴f′′(x) = − 1 

)(xf ′′′ =sin x ∴ )0(f ′′′ =0 

)(xf iv =−cos x ∴ f
iv
(0) = −1 

g¨vKjwi‡bi Dccv`¨ †_‡K cvB, 

f(x) = f(0) +x )0(f ′ +  
��
�! )0(f ′′ + 

��

! )0(f ′′′ +

��

! )0(ivf

+….….∞ 

= 1−
��
�!  + 

�+
,! − …… ∞ 

 

D`vniY 8: g¨vKjwi‡bi avivi mvn‡h¨ x1tan− AbšÍ 
avivq we Í̄…Z Kiæb| 
mgvavb: g‡b Kiæb,  f(x) =tan

-1
(x)  ∴f(0) =0 

)(xf ′ = 
�

���� ∴ )0(f ′ =1 

= (1+x
2
)

-1 
= 1−x

2
+x

4−x
6
 +…. 

)(xf ′′ = − 2x+4x
3−6x

5
 ……… )0(f ′′∴ =0 

)(xf ′′′ = − 2+12x
2− 30x

4
  +…. )0(f ′′′∴ =−2 

g¨vKjwi‡bi Dccv`¨ †_‡K cvB, 

f(x) =f(0) + x )(xf ′  +
��
�! )(xf ′′  + 

��

! )(xf ′′′ +… 

∴tan
-1

(x) = 0+x.1+
��
�!  0 + 

��

!  (−2) +….. 

⇒tan
-1

(x) = x−
��

!   + 

�-
.!−…..  
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 AšÍiK mn‡Mi e¨vL¨v Ges µgea©gvb I µgn«vmgvb dvskb 
Significance of Derivative and Increasing and Decreasing functions 
 

 

 
D‡Ïk¨ 

 

G cvV †k‡l Avcwb-  
• †Kv‡bv dvsk‡bi GKwU wbw ©̀ó we› ỳ‡Z AšÍiK mn‡Mi R¨vwgwZK e¨vL¨v Ki‡Z cvi‡eb; 
• †Kv‡bv dvsk‡bi Mwió¨¨ I jwNô¨ gvb wbY©q Ki‡Z cvi‡eb| 

 

AšÍiK mn‡Mi e¨vL¨v 
Significance of Derivative 

†Kv‡bv dvsk‡bi GKwU wbw ©̀ó we› ỳ‡Z AšÍiK mn‡Mi R¨vwgwZK e¨vL¨v: g‡b Kiæb, y =f(x) †h †Kv‡bv dvskb hv 
(a,b) e¨ewa‡Z AšÍixKiY †hvM¨ Ges x∈(a,b)| aiæb, y =f(x) eµ‡iLvi Dci P (x0,y0) GKwU wbw ©̀ó we› ỳ Ges Q 

(x0+h,y0+k) n‡jv eµ‡iLvi Dci P Gi wbKUeZx© Aci we› ỳ|  
∴y0=f(x0) Gesy0+k=f(x0+h). 

g‡b Kiæb, P,Q †iLvwU x A‡ÿi abvZ¥Kw`‡Ki m‡½θ

†KvY Drcbœ K‡i Ges P we› ỳ‡Z Aw¼Z ¤úk©KwU x 

A‡ÿi abvZ¥Kw`‡Ki mv‡_ ϕ †KvY Drcbœ K‡i|P I Q 

we› ỳ †_‡K x A‡ÿi Dci ỳwU j¤̂ A¼b Kiv n‡jv| 
j¤̂Øq x- Aÿ‡K h_vµ‡g R I S we› ỳ‡Z †Q` K‡i| P 
†_‡K QS Gi Dci j¤̂ A¼b Kwi hvi cv` we› ỳ T. 

GLb wPÎ †_‡K cvB, tan� = 01
 21 = 3

4  =
 5��6�4��5��6�

4  

GLb eµ‡iLvi Dci w`‡q Q we› ỳ‡K µgvMZ fv‡e P we› ỳi w`‡K wb‡q Avm‡j A_v©r Q→ P n‡j Q,P †iLvwU 
µgkB y =f(x) eµ‡iLvi P we› ỳ‡Z ¯úk©‡Ki wbKUeZx© nq| d‡j ϕθ → cwiYZ nq| Avevi 8 → 0 n‡j, h→ 0 
nq| 

∴
h

xfhxf

h

)()(
limtanlim 00

0

−+
=

→→
θ

ϕθ
 

)(tan 0xf ′=∴ ϕ  

myZivs, )( 0xf ′ n‡jv y =f(x) eµ‡iLvi x=x0 we› ỳ‡Z Aw¼Z ¯úk©‡Ki Xvj| 
D`vniY 1: y =x

3
+2x

2−3 eµ‡iLvi (0,−3)we› ỳ‡Z ¯úk©‡Ki Xvj wbY©q Kiæb|  

mgvavb: †`Iqv Av‡Q, y =x
3
+2x

2−3����
��
�� = 3x

2
 +4x−0 

GLb (0,−3�  we› ỳ‡Z 
( )3,0 −










dx

dy = 3.0
2
 +4.0−0 = 0 

A_v©r, Xvj = 0 
 

cvV-9.4 

  h 

 Y 
 Q (x0+h, y0+h) 

   O 

   k 
θ 

R S 

P(x0, y0) 

 

Y ′  

X  ϕ  
X ′  
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D`vniY 2: cÖgvY Kiæb x2− 5x+6 eµv‡iLvi (2,0) Ges (3,0) we› ỳ‡Z ¯úk©KØq ci¯úi j¤̂| 

mgvavb: cÖ̀ Ë eµ‡iLv  y =x
2−5x+6, ����

��
��= 2x−5 

GLb (2,0) we› ỳ‡Z Xvj
( )0,2










dx

dy =2.2−5=−1 

Ges (3,0) we› ỳ‡Z Xvj ��
��=2.3−5=1 

Zvn‡j XvjØ‡qi ¸Ydj = 11)1( −=×−  

A_v©r, (2,0) Ges(3,0) we› ỳ‡Z Aw¼Z ¯úkK©Øq ci¯úi j¤̂|  

nvi cwigvcK wn‡m‡e AšÍiK mnM (Derivative as a Rate Measure): g‡b Kiæb,  y=f(x) GKwU Real valued 

dvskb| Pjivwk x-Gi GKwU ÿz ª̀Zg e„w× x∆ Gi Rb¨ Aaxb PjK y Gi ÿz ª̀Zg e„w× y∆  

∴y + y∆ =f(x+ x∆ ) 

Zvn‡j y∆ =f(x+ x∆ ) – y =f(x+ x∆ ) –f(x) 

myZivs ejv hv‡e x∆ Gi Rb¨ y Gi e„w× y∆  

∴1 Gi Rb¨ y-Gi e„w× 
y

x

∆

∆  

GLv‡b 
y

x

∆

∆ †K x-Gi mv‡c‡ÿ y Gi Mo cwieZ©‡bi nvi e‡j| 

GLb ∆) → 0 n‡j ∆( →0 nq|  
∴ †h †Kv‡bv gyn~‡Z© x-Gi mv‡c‡ÿ y Gi cwieZ©‡bi nvi 
=

x

y

x ∆

∆

→∆ 0
lim  

= 
0

lim
→∆x

5���∆���5���
∆�  

=  
0

lim
→h

5���4��5���
4   [aivhvK, ∆x = h] 

= 
�

��  {>�)�}  =  ��
�� 

D`vniY 3: GKwU e„ËvKvi Kvwji †dvuUvi †ÿÎdj †m‡K‡Û 2πcm
2  nv‡i e„w× cvq| hLb e¨vmva© 4cm n‡e ZLb 

†dvuUvi e¨vmva© wKnv‡i e„w× cv‡e? 
mgvavb: g‡b Kiæb, t †m‡K‡Û Kvwji †dvuUvi e¨vmva©  r Zg Ges †ÿÎdj A eM© †m.wg 
Zvn‡j A=π r

2 

∴ �@
�A  = 2π r

�B
�A 

⟹ �B
�A = 

DE
DF

�π G  =
2π
�π G = �

 B 

GLb e¨vmva© r = 4 n‡j 
�B
�A = 

�
, = 0.25  

∴wb‡Y©q e¨vmva© e„w×i nvi = 0.25 



evsjv‡`k Dš§y³ wek̂we`¨vjq  e¨e ’̄vcKxq wm×všÍ MÖn‡Y MwYZ 

BDwbU bq c„ôv 190 

D`vniY 4: hw` †Kv‡bv GKwU MwZkxj e ‘̄KYvi MwZi mgxKiY t †m‡KÛ c‡i f(x) =3t + t
3 nq Z‡e t †m‡KÛ c‡i 

e ‘̄KYvwUi †eM I miY wbY©q Kiæb| 
mgvavb: †`Iqv Av‡Q,  f(s) =3t + t

3 

∴ � 
�A H>�I�J = �

�A (3t + t
3
) 

v= 3+3t
2 

Avevi, a = 
�K
�A  = �

�A(3+3t
2
)= 6t 

GLb t =2 †m‡KÛ n‡j †eM v = 3 +3×2 =15 
t=2 †m‡KÛ n‡j Z¡iY a= 6×2 =12  

dvsk‡bi cÖK…wZ wbY©q (Determination of Nature of function):  
(1) g‡b Kiæb, y=f(x)  †h‡Kv‡bv GKU dvskb; hv µgea©gvb|  
hw` x Gi ÿz ª̀Zge„w× ∆) n‡j hw` ∆) > 0  

x +∆) >x 

∴f(x  +∆) >f(x) [dvskbwU µgea©gvb n‡e] 
f(x+∆)) −f(x)> 0 

∴
0

lim
→∆x

>�)+∆)� −  >�)� 
∆) > 0 

ev,
0

lim
→h

5���∆�� �  5��� 
4 > 0 [aiæb, ∆)=h] 

0)( >′∴ xf A_v©r  &(
&) > 0 

myZivs †Kv‡bv GKwU dvskb µgea©gvb n‡j dvskbwUi †Kv‡bv GKwU wbw ©̀ó we› ỳ‡Z f(x)> 0 A_v©r ��
�� > 0 n‡e| 

A_v©r µgea©gvb dvsk‡bi †jLwP‡Îi †h‡Kv‡bv we› ỳ‡Z Aw¼Z m¤úK© A‡ÿi mv‡_ m~²‡KvY Drcbœ K‡i|  
D`vniY 5: †`Lvb †h,  f(x) =3x

2
 +18x +15 GKwU µgea©gvb dvsvkb| 

mgvavb: †`Iqv Av‡Q,  f(x) =3x
2
 +18x +15 

)(xf ′∴ =6x +18 

= 6(x+3) 

GLv‡b x Gi gvb µgvMZfv‡e e„w×i d‡j )(xf ′ Gi µgMZfv‡e e„w× cvq| 

g‡bK iæb, y=f(x)  dvskb, hv µgn«vmgvb| 
GLb x ¯̂vaxb Pj‡Ki ÿz ª̀Zg e„w× ∆) Gi Rb¨ hw` ∆) > 0nq, Z‡e x + ∆) >xn‡e| 
ev, f(x+ ∆)) <f(x) [dvskbwU µg  n«vmgvb e‡j] 
ev, f(x+ ∆)) – f(x) <0 

ev, 5���∆�� �  5��� 
∆� < 0 

ev,
0

lim
→∆x

5���∆�� �  5��� 
∆� < 0 

ev,
0

lim
→h

5���4� �  5��� 
4 <0  [aiv hvK, ∆)=h] 

)(xf ′∴ < 0 A_v©r ��
�� < 0 

Y 

X © x1 x2 

f(x2) 

y 

X 

Y © 

O 

f(x1

Y © 

Y 

X © x1 x2 

f(x2) 

y =f(x) 

X 
O 

f(x1
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myZivs, y=f(x) dvskbwU µgn«mvgvb n‡j dvsk‡bi †jLvwP‡Îi †Kv‡bv GKwU wbw ©̀ó we› ỳ‡Z Aw¼Z ¯úkK© ) A‡ÿi 
mv‡_ ’̄‚j‡KvY ˆZwi Ki‡e| d‡j ¯úk©‡Ki Xv‡ji gvb FYvZ¥K n‡e| 
µgea©gvb I µgn«vmgvb dvsk‡bi aviYv: †Kv‡bv dvsk‡bi †jLwPÎ A¼b Ki‡j Zv †_‡K dvsk‡bi m‡e©v”P Ges 
me©wb¤œ we› ỳi aviYv cvIqv hvq| GB m‡ev©”P I me©wb¤œ we› ỳi gvbB n‡jv dvsk‡bi m‡ev©”P Ges me©wb¤œ gvb| GKwU 
Awew”Qbœ dvsk‡bi †jLwP‡Î AmsL¨ m‡ev©”P Ges me©wb¤œgvb _vK‡Z cv‡i| Z‡e GKwU wbw ©̀ó mxgvi g‡a¨ dvskbwUi 
GKwU wbw ©̀ó msL¨K m‡ev©”P I me©wb¤œ _v‡K| wb‡Pi †jLwPÎ ch©‡eÿY Ki‡j †`Lv hvq †h, x=M1 I x=M6  Gi g‡a¨ 

dvskbwUi P,R I T wZbwU m‡e©v”P we› ỳ Ges Q, S I U m‡e©vwb¤œ we› ỳ Av‡Q| GLv‡b GB QqwU we› ỳ‡Z dvsk‡bi 
†jLwPÎ µgea©gvb ev µgn«vmgvb bq| A_©vr w¯’i GB we› ỳ¸‡jvB dvsk‡bi m‡e©v”P ev me©wb¤œwe› ỳ| hw` GB w ’̄i 
we› ỳ‡Z ¯úk©K A¼b Kiv nq Z‡e H ¯úk©K¸‡jv X- A‡ÿi mgvšÍivj n‡e| d‡j Aw¼Z ¯úk©‡Ki Xv‡ji gvb k~b¨ 
(0) cvIqv hv‡e| 
Avevi, †jLwPÎ †_‡K GwU ¯úó †hm‡ev©”P we› ỳi ci †jLwPÎ Avi Da©Ÿg~Lx nq bv, d‡j †jLwPÎ µgn«vmgvb nq| 
cybivq me©wb¤œ we› ỳi ci dvsk‡bi †jLwPÎ Avi wb¤œgyLx nq bv| d‡j †jLvwPÎwU DaŸ©gyLx ev µgeaŸ©gvb nq| 
†jLwP‡Î †h m‡ev”P© ev me©wb¤œ we› ỳ cvIqv hvq, Zv‡`i‡K ’̄vbxq m‡e©v”P ev ’̄vbxq me©wb¤œ (local minimum or 

minimum point) ejv nq| H dvsk‡bi m‡ev©”P we› ỳ bq| †Kv‡bv dvsk‡bi †jL wPÎ hw` Ggb we› ỳ cvIqv hvq †h 
hv H †jLwPÎ mKj we› ỳi g‡a¨ m‡ev©”P ev me©wb¤œ,Z‡e H we› ỳwU‡K dvsk‡bi h_vµ‡g (Maxzmum/Global 

maximum or minim/ minmum) we› ỳe‡j ; hv ev Í̄‡e cÖvq Am¤¢e|  

m‡e©v”PKiY I me©wb¤œKi‡Yi kZ© (Condition of Maximization & Minimization ): hw` †Kv‡bv dvsk‡bi 
GKwU gvÎ PjK _v‡K H mg Í̄ dvsk‡bi m‡e©v”P I me©wb¤œKiY wbY©q wb‡P †`Lv‡bv n‡jv: m‡e©v”PKi‡Yi kZ©  
g‡b Kiæb, y=f(x) †h‡Kv‡bv GKwU dvskb| m‡e©v”PKi‡Yi Rb¨ 
dvskbwUi †jLwPÎ concave down ev wb¤œ P› ª̀vK…wZi n‡e| 
wP‡Î p we› ỳwU m‡ev”P© we› ỳ| G †ÿ‡Î dvskbwUi ỳBwU kZ© 
cvIqv hvq (K) cÖv_wgK kZ© I (L) chv©ß kZ© 
(K) cÖv_wgK kZ©: p we› ỳ‡Z eµ ‡iLvi Aw¼Z ¯úk©‡Ki 

Xvj=0| A_v©r p we› ỳ‡Z 
��
�� = 0 n‡e| 

(L) chv©ßkZ©: G‡ÿ‡Î p we› ỳ‡Z wØZxq AšÍixKi‡Yi gvb 

0 A‡cÿv Kg n‡Z nq| A_v©r, ���
��� < 0 n‡j p we› ỳ‡Z cÖvß gvbwU m‡e©v”P n‡e|  

Y © 

 P 

M1 M2 M3 M4 M5 M6 O 

Y 

X© 

 Q 

 R 

S 

T 

U 

X 

y= f(x) 

p(x.
Y 

Y © 

X © X 
O 
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me©wb¤œKiY kZ© (Conditions of Minimization): g‡b 
Kiæb, y=f(x) eµ ‡iLvi †h As‡k x Gi gvb e„w×i mv‡_ 

mv‡_ 
��
�� ev f′(x) Gi gvb I e„w× cvq| eµ‡iLv H Ask‡K 

concave up ev DaŸ© P› ª̀vK…wZ ejv nq| G‡Z dvsk‡bi 
me©wb¤œ we› ỳ cvIqv hvq| p we› ỳwUy=f(x) Gi mew©b¤œ we› ỳ| 
Gi Rb¨ ỳBwU kZ© cÖ‡hvR¨:  

K) cÖv_wgK kZ©: p we› ỳ‡Z eµ †iLvi Aw¼Z ¯úk©K x-A‡ÿi mgvšÍivj nq| A_v©r ��
�� =0 

L) chv©ß kZ©: me©wb¤œ gv‡bi Rb¨ p we› ỳ‡Z 
���
��� wbY©q Ki‡Z n‡e| hw` 

���
��� > 0 nq, Z‡e p we› ỳ‡Z dvsk‡bi 

me©wb¤œ gvb _vK‡e| 

D`vniY 6: ( ) 66
2

9 23
x++x+xxf =

 
dvskbwUi m‡e©v”P I me©wb¤œ gvb wbY©q Kiæb| 

mgvavb: †`Iqv Av‡Q, ( ) 66
2

9 23
x++x+xxf = . myZivs, ( ) 693 2 x++xxf =′ Ges ( ) 96x+xf =′′  

Avgiv Rvwb, Pig we› ỳ‡Z, ( ) 06930 2 ==′ x++xxf  
ev 0232 =x++x   
ev ( )( ) 012 =x+x+  

A_v©r 21 −−= ,x  

GLb, 1−=x we› ỳ‡Z ( ) ( ) 039161 >=−=−′′ + f Ges 2−=x we› ỳ‡Z ( ) ( ) 039262 <−=−=−′′ +f . 
myZivs 1−=x we› ỳ‡Z dvskbwUi gvb me©wb¤œ Ges me©wb¤œ gvb 

( ) ( ) ( ) ( ) 6161
2

9
11

23
+++ f −−−=−

2

7
66

2

9
1 =−−= ++  

Ges 2−=x  we› ỳ‡Z dvskbwUi gvb m‡e©v”P Ges m‡e©v”P gvb 

( ) ( ) ( ) ( ) 6262
2

9
22

23
++ +f −−−=− 4612188 =−−= ++  

D`vniY 7: ( ) 2036212 23 −−= x+xxxf dvskbwUi m‡e©v”P I me©wb¤œ gvb wbY©q Kiæb| 

mgvavb: †`Iqv Av‡Q, ( ) 2036212 23 −−= x+xxxf .  

myZivs ( ) 36426 2 x+xxf −=′ Ges ( ) 4212 −=′′ xx f . 

Avgiv Rvwb, m‡e©v”P I me©wb¤œ gv‡bi Rb¨ ( ) 0364260 2 =−=′ x+xxf  
ev, 0672 =− x+x  

ev,  ( )( ) 061 =x-x-  ev, 61,x =  

GLb ( ) ( ) 030421121 <=f −=−′′  
myZivs 1=x  we› ỳ‡Z dvskbwUi gvb m‡e©v”P  

Ges m‡e©v”P gvb ( ) 3203621220136121121 23 −=−−=−−= +.+..f  

Avevi, ( ) ( ) 0304272426126 >=−=−=′′f  

N© 

&(
&) > 0 

&(
&) < 0 

��
�� 

O 

P© 
N 

P 

Q 
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myZivs 6=x we› ỳ‡Z dvskbwUi gvb me©wb¤œ Ges me©wb¤œ gvb

( ) 1282021675643220636621621 23 −=−−=−−= +×+××f  

D`vniY 8: cÖgvY Kiæb †h, ( ) 363 23 x++xxxf −= dvsk‡bi †Kv‡bv jNygvb ev ¸iægvb bvB| 

cÖgvY: g‡b Kiæb, ( ) 363 23 x++xxxf −=  

( ) ( ) ( ){ } ( ){ }1131123223663
22222 +x+x+xx+xx+xx f −=−=−=−=′∴  hv me©̀ vB GKwU abvZ¡K 

msL¨v| myZivs x Gi †Kv‡bv ev Í̄e gv‡bi Rb¨ ( )x f ′ k~b¨ n‡Z cv‡i bv| wKš‘ jNygvb ev ¸iygvb Gi Rb¨ ( )x f ′

k~b¨ n‡Z n‡e| 
myZivs, dvskbwUi †Kv‡bv jNygvb ev ¸iægvb bvB| 

 mvims‡ÿc:  

• ¯úk©‡Ki Xvj )(tan 0xf ′=ϕ | 

• hw` 
���
��� < 0 nq, Zvn‡j †Kvb we› ỳ‡Z dvsk‡bi gvb m‡e©v”P n‡e|  

• hw` �
��

��� > 0 nq, Z‡e †Kvb we› ỳ‡Z dvsk‡bi gvb me©wb¤œ n‡e| 
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 †gvU Avq-e¨q, Mo Avq-e¨q Ges cÖvwšÍK Avq-e¨q  
Total revenue-cost, Average revenue-cost, Marginal revenue-cost  
 

 
D‡Ïk¨ 

 

G cvV †k‡l Avcwb-  
• †Kvb wkí cÖwZôvb ev dvg© Gi Drcv`‡bi †gvU Avq-e¨q wbY©q Ki‡Z cvi‡eb; 
• †Kvb cÖwZôv‡bi cÖvwšÍK Avq-e¨q wbY©q Ki‡Z cvi‡eb; 
• †Kvb cÖwZôv‡bi Mo Avq-e¨q wbY©q Ki‡Z cvi‡eb| 

 

†gvU Avq 
Total Revenue  

†Kv‡bv wkí cÖwZôvb ev dvg© ev Drcv`K Zvi Drcvw`Z cb¨ weµ‡qi gva¨‡g †gvU †h cwigvY A_© Avq K‡i Zv‡K 
†gvU Avq (Total Revenue) ev TR ejv nq| 
hw` Drcv`K q GKK cb¨ weµq K‡i I cÖwZ GK‡Ki g~j¨ q UvKv n‡j TR = pq. 

Mo Avq (Average Revenue): †Kv‡bv Drcv`‡Ki †gvU Avq‡K Drcvw`Z ª̀‡e¨i cwigvb (msL¨v) Øviv fvM Ki‡j 
Mo Avq ev Average Revenue cvIqv hvq| G‡K ms‡ÿ‡c AR ejv nq| 

hw` †gvU Avq TR = pq nq, AR = p
q

TR
=   UvKv n‡e| 

pAR =∴  UvKv n‡e| 
cÖvwšÍK Avq (Marginal Revenue): cb¨ weµ‡qi cwigvY GK GKK (ev AwZ mvgvb¨ cwigvY) n«vm ev e„w×RwbZ 
Kvi‡Y †gvU Avq Gi †h cwieZ©b nq Zv‡K cÖvwšÍK Avq ejv nq| G‡K MR Øviv cÖKvk Kiv nq| 
myZivs, MR wbY©q Kivi Rb¨ †gvU Avq‡K ª̀‡e¨i cwigvY q Gi †cÖwÿ‡Z AšÍiKjY Ki‡j MR cvIqv hvq| 

A_©vr, MR= )(.)(.)()( p
dq

d
qq

dq

d
ppq

dq

d
TR

dq

d
+==   

dq

dp
qppq

dq

d
MR +==∴ )(  

c~Y© cÖwZ‡hvwMZvg~jK evRv‡i 0=
dq

dp  nq d‡j pMR = nq| 

wKš‘ evRvi c~Y© cÖwZ‡hvwMZvg~jK bv n‡j 0<
dq

dp nq; d‡j pMR < nq| 

†gvU e¨q (Total Cost): †Kv‡bv Drcv`K †Kvb ª̀e¨ ˆZwi Kivi Rb¨ †gvU †h cwigvY A_© e¨q K‡ib Zv‡KB †gvU 
e¨q (Total Cost) ev TC ejv nq| h_vÑ 
(i) †gvU w ’̄i LiP (Total Fixed Cost) ev TFC 
(ii) †gvU cwieZ©bkxj LiP (Total variable Cost) ev TVC 

†gvU w ’̄i LiP (Total Fixed Cost): †gvU Li‡Pi †h Ask Drcv`‡bi Dci wbf©i K‡i †mB LiP †gvU w ’̄i LiP| 

†gvU cwieZ©bkxj LiP (Total variable Cost): †gvU Li‡Pi †h Ask cy‡ivcywifv‡e Drcv`‡bi cwigv‡Yi Dci 
wbf©ikxj| A_©vr, cwigv‡bi n«vm ev e„w×‡Z Li‡Pi n«vm ev e„w× nq †mB LiP‡K cwieZ©bkxj LiP ejv nq| 
myZivs, TC = TFC+TVC 
mvaviYfv‡e, TC = f(a)+b, GLv‡b, f(a)= Variable Cost, b = Fixed Cost 

cvV-9.5 
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Mo Avq (Average Cost): †gvU LiP‡K Drcvw`Z ª̀‡e¨i cwigvb (msL¨v) ev GKK Øviv fvM Ki‡j †h fvMdj 
cvIqv hvq Zv‡K Mo Avq (AC) ejv nq|  

Mo Avq, 
q

TC
AC = | 

Average Variable Cost (AVC) =
q

TVC  

Average Fixed Cost (AFC) =
q

TFC  

cÖvwšÍK e¨q ev Marginal Cost (MC): †gvU e¨q dvskb‡K †gvU cwigv‡bi mv‡c‡ÿ AšÍixKiY Ki‡j cÖvwšÍK e¨q 
cvIqv hvq| †hgbÑ 10128 2 ++= qqC  

C †K q -Gi †cÖwÿ‡Z AšÍixKiY K‡i cvB, 1216 += q
dq

dC ,  

1216 +==∴ q
dq

dC
MC  

D‡jøL¨ †h, MC  w ’̄i e¨‡qi Dci wbf©ikxj bq| 
w ’̄wZ ’̄vcKZv (Elasticity): g‡b Kiæb, y=f(x), x Gi cÖwZ GKK AvbycvwZK cwieZ©‡bi d‡j y Gi †h AvbycvwZK 
cwieZ©b nq Zvi nvi‡K x we› ỳ‡Z D³ dvsk‡bi w ’̄wZ¯’vcKZv ejv nq| 

(i) Pvwn`vi g~j¨ w ’̄wZ ’̄vcKZv (Price Elasticity of Demand): †Kv‡bv c‡Y¨i `v‡gi Av‡cwÿK cwieZ©‡bi d‡j 
H c‡Y¨i Pvwn`vi †h Av‡cwÿK cwieZ©b nq Zvi AbycvZ‡K Pvwn`vi g~j¨ w ’̄wZ ’̄vcKZv ev pdη  ejv nq| 

 cwiZb cwÿKAv‡ gi`v‡
 cwiZb cwÿKAv‡ Pvwn`vi

=∴ pdη
dp

dx

x

p

p

dp
x

dx

×==  

D`vniY 1: Gi mv‡c‡ÿ Pvwn`vi w ’̄wZ ’̄vcKZv wbY©q Kiæb, †hLv‡b Drcv`‡Ki Pvwn`v wewa 
( )2

1

10

+
=

x
p  Øviv 

wba©vwiZ nq| 

mgvavb: Avgiv Rvwb, Pvwn`vi w ’̄wZ ’̄vcKZv 
dp

dx

x

p
pd ×=η  

GLv‡b, 
( )

( ) 2

2
110

1

10 −
+=

+
= x

x
p  

( )
( ) ( ) ( ) 333

2
1201.120)1(120

1

10 −−−
+−=+−=++−=

+
=∴ xxx

dx

d
x

xdx

dp  

( )
( )







 +

−××
+

=∴
20

11

1

10
3

2

x

xx
pdη

( )
( )

20

11

1

10
3

2

+
××

+
−=

x

xx x

x

x

x

2

1

2

1 +
=

+
−=  

(ii) Pvwn`vi we› ỳ w ’̄wZ ’̄vcKZv (Point Elasticity of Demand): Pvwn`v †iLvi GKwU wbw ©̀ó we› ỳ‡Z 
w ’̄wZ ’̄vcKZvi cwigvYB n‡jv Pvwn`v we› ỳ w ’̄wZ ’̄vcKZv| G‡ÿ‡Î Pvwn`vi cwieZ©‡bi d‡j `v‡gi †h cwigvY 
cwieZ©b nq Zviv LyeB mvgvb¨Zg cwiewZ©Z nq| d‡j cÖv_wgK we› ỳ I cwiewZ©Z we› ỳi g‡a¨ Lye †ewk cv_©K¨ 

cwijwÿZ nq bv, d‡j ỳwU we› ỳ‡K GKB we› ỳ g‡b nq| †hgbÑ 
x

p

dp

dx

x

p

p

x

p
d ..lim

0
=








=

→ δ

δ
η

δ
 

†hLv‡b, x = Pvwn`v 
dx = Pvwn`vi cwieZ©‡bi cwigvY 
  p = `vg 
 dp= `vg cwieZ©‡bi cwigvY| 
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(iii) Pvwn`vi Avq w ’̄wZ ’̄vcKZv (Income Elasticity of Demand): Ab¨vb¨ Ae ’̄v cwiewZ©Z bv n‡j †fv³vi 
Av‡qi cwieZ©‡bi d‡j Pvwn`vi †h cwieZ©b nq Zvi AbycvZ‡K Pvwn`vi Avq w ’̄wZ ’̄vcKZv e‡j|  

∴Pvwn`vi Avq w ’̄wZ ’̄vcKZv
dy

dx

x

y
y .=η ,  †hLv‡b, x = Pvwn`vi cwigvb, y = †fv³vi gv_vwcQz Avq|  

hw` 1>yη  ª̀e¨wU wejvm ª̀e¨, 10 << yη  ª̀e¨wU AZ¨vek¨Kxq ª̀e¨, 0<yη ª̀e¨wU wbK…óZi ª̀e¨  

(iv) †hvMv‡bi `vg w ’̄wZ ’̄vcKZv (Price Elasticity of Supply): Ab¨vb¨ Ae ’̄vi cwiewZ©Z bv n‡j `v‡gi 
Av‡cwÿK cwieZ©‡bi d‡j †hvMv‡bi Av‡cwÿK cwieZ©‡bi nvi‡K †hvMv‡bi `vg w ’̄wZ ’̄vcKZv ejv nq| 

∴∴∴∴ †hvMv‡bi `vg w ’̄wZ ’̄vcKZv ( ( )
cwieZb cwÿKAv‡ gi`v‡
cwieZb cwÿKAv‡ nimieiv‡

=sη
dp

dx

x

p

p

dp
x

dx

.==  †hLv‡b, x = †hvMvb, =dx

†hvMv‡bi cwieZ©‡bi cwigvb =p `vg, =dp `v‡gi cwieZ©‡bi cwigvb 

D‡jøL¨ †h, †hvMvb †iLvi Xvj abvZ¥K| myZivs, sη I abvZ¥K| 
D`vniY 2: ypypf 4220),( +−=  Pvwn`v dvskb n‡Z Pvwn`vi Avq w ’̄wZ ’̄vcKZv wbY©q Kiæb; hLb, 2=p  
Ges 15=y  Ges =y Avq I =p `vg wb‡ ©̀k K‡i|   

mgvavb: Avgiv Rvwb, Pvwn`vi Avq w ’̄wZ ’̄vcKZv, 
D

y

dy

dD
y .=η  

GLv‡b, ypD 4220 +−= , 4=∴
dy

dD  

myZivs, Pvwn`vi Avq w ’̄wZ ’̄vcKZv, 
D

y
y .4=η

yp

y

4220
.4

+−
=

 

1542220

15
.4

×+×−
= 79.0

76

60
==

 

D`vniY 3: †Kv‡bv GKwU Drcv`b cÖwZôv‡bi Drcvw`Z c‡Y¨i †gvU e¨q dvskb  32615 qqqC +−=  n‡j,      
(i) Mo e¨q ev Average Cost (AC) 
(ii) cÖvwšÍK e¨q ev Marginal Cost (MC)  

(iii) cÖvwšÍK e¨‡qi cwieZ©‡bi nvi ev Change of rate of Marginal Cost Ges   
(iv) †gvU e¨q †iLvi Xvj ev Slope of Total Cost wbY©q Kiæb| 
mgvavb: †`Iqv Av‡Q, 32615 qqqC +−=  

(i) Average Cost (Mo e¨q): 2
32

615
615

qq
q

qqq

q

C
AC +−=

+−
==

 

(ii) Marginal Cost (cÖvwšÍK e¨q): ( ) 232 31215615 qqqqq
dq

d

dq

dC
MC +−=+−==

 

(iii) Change of Rate of Marginal Cost (Mo e¨q): 
( ) ( ) 12631215 2 −=+−= qqq

dq

d

dq

MCd

 

(iv) Slope of Total Cost (†gvU e¨q †iLvi Xvj): Slope of TC Line- ( )32615 qqq
dq

d

dq

dC
+−=

231215 qq +−=  
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D`vniY 4: GKwU dv‡g©i Drcvw`Z ª̀‡e¨i Pvwn`v A‡cÿK pq 2100−=  Zvn‡jÑ  
(K) (i) †gvU Avq (Total Revenue) ev TR 

(ii) Mo Avq (Average Revenue) ev AR 

(iii) cÖvwšÍK Avq (Marginal Revenue) ev MR Ges   
(L) q = 10 GKK n‡j TR, AR I MR KZ UvKv n‡e Zv wbY©q Kiæb| 
mgvavb: †`Iqv Av‡Q, Pvwn`v A‡cÿK pq 2100−=  
ev, pq 2100−=  

ev,
2

50
q

p −=
 
 

GLv‡b, p = c‡Y¨i `vg , q = c‡Y¨i cwigvY 

†gvU Avq (Total Revenue) ev TR = pq       = q
q

×







−

2
50       =

2
50

2
q

q −  

(ii) Mo Avq (Average Revenue) AR = =
q

TR
 

2
502

50
2

q

q

q
q

−=
−

 

(iii) cÖvwšÍK Avq (Marginal Revenue) MR ( )TR
dq

d
= 








−=

2
50

2
q

q
dq

d
qq −=−= 502.

2

1
50  

(L) hLb,  q = 10 GKK  

(i) TR = 450104510
2

10
50 =×=×








−  UvKv|

 

(ii) AR 45550
2

10
50 =−=−=  UvKv|

 

(iii) MR 401050 =−=  UvKv| 

D`vniY 5: GKwU cÖwZôv‡bi Li‡Pi dvskb 23
48

5 x
x

C ++= †hLv‡b x Drcv`‡bi GKK Ges C †gvU Li‡Pi 

cwigvY Ges me©vwaK Li‡Pi cwigvY wYY©q Kiæb| 

mgvavb: GLv‡b, 23
48

5 x
x

C ++=  

ev, x
xdx

dC
6

48
0

2
++=  

m‡e©v”P I me©wb¤œ gv‡bi Rb¨, 0=
dx

dC  

ev, 06
48

2
=+− x

x
 

ev, 0486 3 =−x  

ev, 083 =−x  

ev, 33 2=x  

2=∴ x  
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GLb, 6
96

32

2

+=
xdx

Cd

, 

hLb, 2=x  ZLb 0186
8

96
2

2

>=+=
dx

Cd
 

myZivs, 2=x we› ỳ‡Z dvsk‡bi me©wb¤œ gvb _vK‡e Ges  

me©wb¤œ gvb = 22.3
2

48
5 ++ = 4118245 =++  

 

 mvims‡ÿc:  

• †gvU Avq TR = pq n‡j, AR = p
q

TR
=    

• Mo Avq (AC) = 
q

TC
AC = | 

• †hvMv‡bi `vg w ’̄wZ ’̄vcKZv ( ( )
cwieZb cwÿKAv‡ gi`v‡
cwieZb cwÿKAv‡ nimieiv‡

=sη
 dp

dx

x

p
.=   
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 mgvKjb ev †hvMRxKiY I Zvi m~Îejx 
Integral and it’s formulae 

 
D‡Ïk¨ 

 

G cvV †k‡l Avcwb-  
• Awbw ©̀ó mgvKjb Kx Zv ej‡Z cvi‡eb, 
• mgvKj‡bi mvaviY wbq‡gi e¨vL¨v Ki‡Z cvi‡eb, 
• mgvKj‡bi wbqg e¨envi K‡i wewfbœ mgm¨v mgvavb Ki‡Z cvi‡eb| 

 cÖwZ AšÍiR 
Anti-derivative 

GKwU A‡cÿK F †K †Kv‡bv wbw ©̀ó e¨ewa I †Z f�x� Gi cªwZ AšÍiR ejv n‡e hw` F’(x)=f(x)  nq ; †hLv‡b x ∈ I 
†h‡nZz F’(x)= f(x) ZvB f(x) †K †hgb ejv nq F�x� Gi x Gi mv‡c‡ÿ AšÍiR/AšÍiK mnM . †Zgb F�x� †K ejv 
nq x Gi mv‡c‡ÿ f�x� Gi cÖwZ AšÍiR �Anti-derivative� ev Avw`iƒc �Primitive�| mvaviYfv‡e dvskb cÖwZ-
AšÍiR‡K F�x� Øviv g�x� dvsk‡bi cÖwZ AšÍiR‡K G�x� BZ¨vw` Øviv cÖKvk Kiv nq| 

D`vniY ¯̂iƒc: f(x)=3x
2 Gi cÖwZ-AšÍiR‡K F�x� n‡j x

3  ev d
 de �x
� = 3x� GKBfv‡e g�x�= cosx Gi cÖwZ-

AšÍiR G(x) nj sin x KviY �
�� �sin x� = cos x  Avevi, jÿ¨ Ki‡j †`Lv hvq, F(x)=x

3  dvskbwU †Kej gvÎ f(x)=

23x
 Gi cÖwZ-AšÍiR bq, KviY d

de �x
 + c� = 3x�, †hLv‡b c nj †h †Kv‡bv aªæeK| myZivs f(x)= 23x  Gi mKj 

cÖwZ AšÍiR Gi †mU‡K Avgiv x
 + c AvKv‡i cÖKvk Ki‡Z cvwi, †hLv‡b c  n‡jv GKwU B”Qvg~jK aªæeK 
�arbitrary constant�| myZivs ejv hvq †h, hw` †Kv‡bv e¨ewa  I †Z f�x� dvsk‡bi GKwU cÖwZ-AšÍiR F�x� nq, 
Zvn‡j f�x�Gi me †_‡K mvaviY cÖwZ AšÍiRwU n‡e F�x� + c, †hLv‡b c GKwU B”Qvg~jK aªæeK| 
myZivs, I e¨ewa‡Z f�x� dvsk‡bi me †_‡K mvaviY cÖwZ-AšÍiR F�x� + c�c B”Qvg~jK aªæeK) n‡j KZ¸‡jv 
dvsk‡bi †mU hv‡`i GKwUi Djø¤̂ Pj‡bi d‡j Ab¨wU‡K cvIqv hvq| 
aiv hvK, f�x�=2x dvsk‡bi cÖwZ-AšÍiR F�x� 
GLb,  �

�� �x� + c� = 2x 
. .k f(x)=x� + c,  †hLv‡b, c B”Qvg~jK aªæeK| 
GLb, l = 0 n‡j  m�)� = )� 
l = 1 n‡j F�x� = x� + 1 

l = 2 n‡j F�x� = x� + 2 

l = −1 n‡j F�x� = x� − 1 BZ¨vw` 

Avevi, F�x� = 3x� Gi cÖwZ-AšÍiR F�x� = x
 + l 
n‡j,  

&
&) �x3 + c� = 3x2 

GLb, c = 0 n‡j  F�x� = x
 
l = 1 n‡j F�x� = x
 + 1 

l = 2 n‡j F�x� = x
 + 2 

……………………………………………… 

cvV-9.6 
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Awbw ©̀ó mgvKjb (Indefinite integrals): †Kv‡bv dvskb f(x) Gi mKj cÖwZ-AšÍiR Gi †mU‡K x Gi mv‡c‡ÿ 
f(x) Gi Awbw ©̀ó mgvKjb (Indefinite Integrals) ejv nq Ges G‡K o >�)�&) Øviv cÖKvk Kiv nq|  wPýwU‡K 
mgvKjb wPý (Integral sing), f(x) †K mgvKwjZ dvskb (Integrand) Ges x †K mgvKj‡bi PjK (Variable of 

Integration) ejv nq| 
NB: mgvKj‡bi aviYvwUi m~ÎcvZ N‡UwQj wewfbœ R¨vwgwZK AvK„wZi e Í̄yi ‰`N©̈ , †ÿÎdj, AvqZb BZ¨vw`i 
cwigv‡ci Rb¨ AmsL¨ ÿz ª̀ ÿz ª̀ cwigv‡bi †hvMd‡ji (Sum) mxgv (Limit) aviYv †_‡K, ZvB mgxKi‡Yi wPýwU‡K 

Summation K_vwUi Av`¨ÿi ‘S’ Gi we Í̄…Z AvKvi (Clongated form) Gi gva¨‡g cÖKvk Kiv nq| 

mgvKj‡bi mvaviY wbqgvejx  (Genaral laws of Integrals) 
(i) hw` A, x Dci wbf©ikxj bq Giƒc †h †Kv‡bv aªæeK nq, Z‡e o Af�x� dx = A o f�x� dx. 
cÖgvY: g‡b Kiæb, o f�x� dx =  m�)�; †hLv‡b l = mgvKjb aªæeK  

myZivs, mgvKj‡bi msÁvbymv‡i, d
de HF�x� + cJ = f�x�. 

. .k d
dx HA{F�x� + c}J = A d

dx HF�x� + cJAf�x� 
=   Af�x� 
myZivs o q >�)� &) = A{f�x� + c} 
. .k r A f�x� dx =  A r  f�x� dx 
(ii) †h †Kv‡bv ỳwU dvskb f�x� I s�x� Gi Rb¨ o{f�x� ± s�x�} dx = o f�x� dx ± o s�x� dx 
cÖgvY: g‡b Kiæb, o f �x� dx = p�x� Ges o s�x� dx = q�x� 
 Zvn‡j, d

de wp�x�x = f�x� Ges d
de wq�x�x = s�x� n‡e| 

GLb, d
de HP�x� ± q�x�J = d

de p�x� ± d
de q�x� =  f�x� ± s�x� . 

. .kmgvKj‡bi msÁv n‡Z cvB, oHf�x� ± ∅�x�J dx = p�x� + q�x�=o f�x� dx ± o s�x� dx. 
Dc‡iv³ m~ÎwU‡K z msL¨v dvsk‡bi Rb¨I we¯Í…Z Kiv hvq| †hgb: 
rHf��x� ± f��x� ± f
�x� ±∙∙∙∙∙∙∙∙∙∙∙∙∙∙∙∙∙∙∙ ±f|�x�J dx 
=o f��x� dx ± o f��x� dx ± o f
�x� dx ± ∙∙∙∙∙∙∙∙∙∙∙∙∙∙∙∙∙∙∙ ± o f|�x� dx 
KZ¸‡jv †gŠwjK mgvKjb mg~n (Some Fundamental Integrals) 

d
de �x|� = nx|��    o x| dx = e}~�

|�� + c 

d
de �x� = 1        o dx = x + c 
d

de �mx� = �
e ;  x > 0,    o de

e ln x + c 
d

de �c�e� = lnc�e     o e�e dx = �
� e�e + c 

d
de ee = ee        o ee dx = ee + c 
d

de �ae� =  � . �z ,    o  �&) = $�
��$ + l 

d
de �sin x� = cos x    o cos x dx = sin x + c 
d

de cos x = − sin x     o sin x dx = − cos x + c 
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d
de �sin mx� = m cos mx    o cos mx dx = �

� sin mx + c 
d

de �cos mx� = − sin mx     o sin mx dx = − �
� cos mx + c 

d
de �tan x� = sec� x     o sec� x dx = tan x + c 
d

de �cot x� = − cos ec�x    o cos ec�xdx = − cot x + c 
d

de �sec x� = sec x tan x     o sec x tan x dx = sec x + c 
d

de �cos ecx� = − cos ecx . cot x    o cos ecx . cot x dx = −cos ec x + c 
d

de �sin�� x� = �
√��e�      o de

√��e� = sin�� x + c 
d

de �tan�� x� = �
��e�    o de

��e� = tan�� x + c 
d

de �sec�� x� = �
e√e���      o de

e√e��� = sec�� x + c 
d

de �cos�� x� = − �
√��e�     o de

√��e� = − cos�� x + c 
d

de �cot�� x� = − �
��e�     o de

��e� = − cot�� x + c 
d

de �cos�� ec x� = − �
e√e���    o de

e√e��� = − cos�� ec x + c 
d

de w√xx =  �
�√e     o de

√e = 2√x + c 
 

D`vniY 1:o 5x� dx wbY©q Kiæb| 
mgvavb:o 5x� dx 

= 5 o x� dx = 5 e�~�
��� + c  

= .
�� x�� + c = �

� x�� + c  

D`vniY 2: o�4sinx + 3 cos )� &) wbY©q Kiæb| 
mgvavb:o�4sinx + 3 cos )� &) 

 = 4 o sinx + 3 o cos ) &) =   4�− cos )� + 3I�z) + l    
= −4 cos ) + 3I�z) + l   
D`vniY 3: o�1 + x�� + x��� dx wbY©q Kiæb| 
mgvavb:o�1 + x�� + x��� dx 
= o 1dx + o x�� dx + o x�� dx  
= x + o �

e dx + o x�� dx  
= x + lnx + e��~�

���� + c   
= x + lnx − �

e + c  
 

 mvims‡ÿc:  

• hw` A, x Dci wbf©ikxj bq Giƒc †h †Kv‡bv aªæeK nq, Z‡e o Af�x� dx = A o f�x� dx  
• †h †Kv‡bv ỳwU dvskb f�x� I s�x� Gi Rb¨ oHf�x� ± s�x�J dx =o f�x� dx ± o s�x� dx. 
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 cÖwZ¯’vcb c×wZ‡Z mgvKjb wbY©q 
Integration by using Method of Substitution 
 

 
D‡Ïk¨ 

 

G cvV †k‡l Avcwb-  
• cÖwZ ’̄vcb c×wZ‡Z mgvKjb Kx Zv e¨vL¨v Ki‡Z cvi‡eb; 
• cÖwZ ’̄vcb c×wZ e¨envi K‡i wewfbœ mgm¨v mgvavb Ki‡Z cvi‡eb| 

 

cÖwZ ’̄vcb c×wZ‡Z mgvKjb wbY©q 
Integration by using Method of Substitution 

g‡b Kiæb, o f�x� dx wbY©q Ki‡Z n‡e; †hLv‡b f�x� †hvR¨ ivwkwU †gŠwjK AvKv‡ii bq| cÖwZ ’̄vcb c×wZi jÿ¨ 
n‡jv Pj‡Ki cwieZ©‡bi gva¨‡g †hvR¨ dvskb (Integrand) wU‡K cwiwPZ †gŠwjK AvKv‡i iƒcvšÍi Kiv|  
g‡b Kiæb, o >�)� &) = � 

 Zvn‡j msÁvbymv‡i, d�
de = f�x� 

 GLb x = s�z� n‡j de
d� = s′�z�  

 myZivs, d�
d� = d�

de . de
d� = f�x�. s�z� 

ev, d�
d� = fws�z�xs��z� H Qx = s�z�J 

msÁvbymv‡i, I =  o f ws�x�xs��z� dz 
 ∴ f�x� dx = o f ws�z�x s��z�. dz 

D`vniY 1: o cos�2x + 3� dx wbY©q Kiæb| 
mgvavb: o cos�2x + 3� dx  
∴ o cos z �

� dx       

= �
� o cos z dz  

= �
� sin z + c  

= �
� sin�2x + 3� + c  

D`vniY 2: o I�z ). cos ) &) Gi mgvKjb wbY©q 
Kiæb| 
mgvavb:o I�z
 ). cos ) &) 
= o �
. &) 
= �,

4 + l. 
= �

, sin, ) + l  
 

D`vniY 3: o sec� x . tan� x dx Gi mgvKjb wbY©q 
Kiæb| 
mgvavb:o sec� x . tan� x dx 
= o z� dx  
= ��


 + c  
=  �


 tan
 x + c  

 

D`vniY 4:  xdxtan  Gi mgvKjb wbY©q Kiæb| 

mgvavb:  xdxtan  = o ����
��� � &) 

= − o �����
��� � &)   

=  −�z|cos )| + l   
= �z|�cos )���| + l  
∴ o tan ) &) = �z|sec )| + l  

 

cvV-9.7 

g‡b Kiæb, 2) + 3 = � 
2 &) = &�,  ∴ &) = �

� &�  ∴ cos ) &) = &� 

g‡b Kiæb, sinx=z 

sec� ) &) = &� 
g‡b Kiæb, tan ) = � 
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D`vniY 5: o sec ) &) Gi mgvKjb wbY©q Kiæb| 
mgvavb: cÖ_g c×wZ: o sec ) &) = o ��

��� � 
= o ��

��|�� �% ���  

= o ��
���|	�

+�� �% 
 ���	�
+�� �% 
      H.� sin 2q = 2 sin q . cos qJ  

= o
�
� ����	�

+��
�


��|w� ,% �� �% x &) [ni I je‡K sec�w� 4% + ) 2% x Øviv ¸b K‡i] 
∴ sec ) &) = �z �tan 	�

, + ) 2% 
� + l  
2q c×wZ: o sec ) &) = o ��� ����� ����| ��

��� ����| � &) [ ni I je‡K �sec ) + tan )� Øviv ¸Y K‡i ] 
          = o ���� �� ��� �.��| �

��� � ���| � &) 
         ∴ o cosec ) &) =  �z|cosec ) − cot )| + l 
KZ¸‡jv Av`k© mgvKjb (Some Standard Integrals): 

1. o de
���e� = �

� tan�� e
� + c [x=atan � a‡i]  

2. o de
���e� = �

�� ln ���e
��e� + c  HAvswkK fMœvs‡k cwieZ©b K‡i ] 

3. o de
e���� = �

�� ln �e��
e��� + c  [AvswkK fMœvs‡k cwieZ©b K‡i] 

4. o de
√e���� = ln x + √x� + a�  + c  [x = atan � a‡i] 

5. o de
√e���� = lnln x + √x� − a�  + c  [x=asec θ a‡i] 

6. o de
√���e� = sin�� x a⁄ + c  Hx = asin � a‡i ] 

7. o √a� − x� dx = e√���e�
� + ��

� sin�� e
� + c  Hx=asin � a‡i ] 

D`vniY 6: o x ee� dx Gi mgvKjb wbY©q Kiæb| 
mgvavb:o x ee� dx 
=  o ¥¦ �

� &) 
= 1

2 r ¥¦&� 
= �

� ¥¦ + l =  �
� ¥�§ + l  

 D`vniY 7: o sin� ) ¥��| � &) Gi mgvKjb wbY©q 
Kiæb| 
mgvavb:o sin� x e��| e dx 
= o e� dz  
= e� + c  
= e��| e + c  
 

D`vniY 8: o ¨© ª¨
«�¨¬ Gi mgvKjb wbY©q Kiæb| 

mgvavb:o �� ��
������� 

=
�
��¦

��¦�  

= o �¦
��¦�  

=  �

 . �

�.� ln ���¦
��¦� + l =  �

­ ln �����
����� + l 

D`vniY 9: o ��
®��®�� Gi mgvKjb wbY©q Kiæb| 

mgvavb: o de
�¯���¯ 

= o ®�
®���� &)  

= o ®�
���®��� &)  

= o �¦
��¦�  

=  tan�� � + l  
= tan���¥�� + l  

∴ 2)&) = &� 

→ �&) = 1
2 &� 

g‡b Kiæb, )� = 2 

∴ sec� ) &) = &� 

g‡b Kiæb, tan ) = � 
 

g‡b Kiæb, )
 = � 

∴ 3)�&) = &�, ⇒ )�&) = �

 &� 

 ∴ ee&) = &� 

g‡b Kiæb, ¥� = � 
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D`vniY 10: wb‡Pi dvskb¸‡jvi mgvKjb wbY©q Kiæb| 

��� o ��|�� �
√���� &)    

mgvavb: (i) o ��|�� �
√���� &)      

= o � &�     

 =  ¦�
� + l           

= �sin�� )�� + l          

(ii) o ��
√�.���  

(ii) o ��
√�.���   

= o ��
√.����  

=  sin�� �
. + l  

D`vniY 11:o 
���
√
����,�� &) Gi mgvKjb wbY©q Ki‡Z n‡e|  

mgvavb: 3) − 2 = ° �
�� �3 + 2) − 4)�� + z 

    ev, 3) − 2 = °�2 − 8)� + z 
    ev 3) − 2 = 2° − 8°) + z  
    ev, 3) − 2 = −8°) − 2° + z 

mnM mgxK…Z K‡i cvB, −8° = 3 , 2° + z = −2 
ev, ° = −3 8%              
ev, 2. −3 8% + z = −2 
ev, �


, + z = −2 
ev, z = −2 + 


, = �²�

,   

∴ z =  �.
,   

∴  o 
���
√
����,��  &) =    o

��
³

D
D�w
����,��x�-

+
√
����,�� &)  

=  − 

² o ��²�

√
����,��  &) − .
, o ��

√
����,��  

= �

²  .2√3 + 2) − 4)� − .

, o ��
´�,�����

����
+�
  

= − 

, √3 + 2) − 4)� − .

, o ��
´�,������.�+� �

�µ� �
�µ��

+�
  

= − 

, √3 + 2) − 4)� − .

, o ��
´�,	���

+
���
+�


  










−−

−−+−=
2

2

4

1
4

4

134

5
423

4

3

x

dx
xx

  























−−











−−+−=
22

2

4

1

4

13
.4

4

5
423

4

3

x

dx
xx

 

4

13

4

1

sin
8

5
423

4

3 12









−

−−+−= −

x

xx

( )
c

x
xx +

−
−−+−= −

13

14
sin

8

5
423

4

3 12

 

 

g‡b Kiæb, sin�� ) = � 
      ev, 

�
√���� &) = &� 
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D`vniY 12:o ���
√��� wbY©q Kiæb| 

mgvavb:o ���
√���  

= o ��������
√��� &)  

= o ������
√��� &) + o ��

√���  
= − o √1 − ) &) + o �

√��� &)   

= − o�1 − )�
�

� ����√���
��

¶
  

= − ������ �~�%
� �% ��  . �

�� − 2√1 − ) + l   
=   �


 �1 − )�
 �% − 2√1 − ) + l  

D`vniY 13: o √��| �
��| � ��� � &) wbY©q Kiæb| 

mgvavb:o √��| �
��| � ��� � &) 

= o √���
√��� � .  ��� .  ��� �  &)  

= o sin�� �% ) cos�
 �% )  &)  
= o ���� �

���� � 	sin�� �% ) cos�
 �% )
  &) =
o ���� �

�
·¸¹� ����� �% � .���� �% �  &) 

= o ���� � ��
��|� �% �  = o �¦

√¦ 
= 2√� + l = 2√tan ) + l  

D`vniY 14: o �
����| �  &)wbY©q Kiæb| 

mgvavb:o �
����| �  &) 

= o �
��¹º} �

·¸¹ �
 &)  

= o ��� �
��| ����� �  &)  

g‡b Kiæb, cos ) = ��sin ) + cos )� + ° �
�� �sin ) + cos )� 

⇒ cos ) = ��sin ) + cos )� + ° �cos ) −sin )� 
∴ 0 . sin ) + 1. cos ) = �� − °�sin x + �� + °� cos x 
sin x I cos x Gi mnM mgxK…Z K‡i cvB,  � − ° = 0 ev, � = ° 
Ges, � + ° = 1 
ev, 2 � = 1, ∴  � = 1 2% = °. 
Zvn‡j, o ��� �

��| e���� e  &) 
= o

�
����| e���� e���

�
»

»¯���| e���� e�
��| e���� e  &)  

= �
� o &) + �

� o ��� ����| e
��| e���� �  &)  

= �
�  ) + �

� ln|sin x + cos )| + l  

 mvims‡ÿc:  

• f�x� dx = o f ws�z�x s��z�. dz  
• o de

���e� = �
� tan�� e

� + c 
• o de

√���e� = sin�� x a⁄ + c   
  

∴  sec� x dx = dz 
g‡b Kiæb, tan x = � 



evsjv‡`k Dš§y³ wek̂we`¨vjq e¨emvq wm×všÍ MÖn‡Y MwYZ 

BDwbU bq c„ôv 206 

 AvswkK fMœvsk Ges Askvqb m~‡Îi mvnv‡h¨ mgvKjb 
Integration by using Partial Fraction and by Parts 
 

 
D‡Ïk¨ 

 

G cvV †k‡l Avcwb-  
• AvswkK fMœvs‡ki mvnv‡h¨ wewfbœ AvKv‡ii dvsk‡bi mgvKjb wbY©q Ki‡Z cvi‡eb; 
• Askvqb m~Î e¨envi K‡i mgvKjb Ki‡Z cvi‡eb; 
• wewfbœ wbqg e¨envi K‡i mgm¨v mgvavb Ki‡Z cvi‡eb| 
 

 AvswkK fMœvs‡ki mvnv‡h¨ mgvKjb ev †hvMRxKiY 
Integration by using Partial fraction 

hw` mgvKj‡bi AvKvi o ¼��½
�$��#�������  &)  AvKv‡ii _v‡K Z‡e mgvKjb Ki‡Z ¼��½

�$��#��¾���� †K ỳwU fMœvsk Gi 

mgwóiƒ‡c cªKvk Kiv nq|  

A_©vr ¼��½
�$��#������� ≡  @

$��# + À
������ ..............................�i� 

ev,   O) + Á = q� ) + "� + Â��) + °�..........................�ii� 
†h‡nZz �ii� GKwU A‡f`, myZivs ) Gi myweavRbK gvb ewm‡q wKsev Dfqc‡ÿi )Gi mnM I aªæeK c‡`i gvb 
mgvb K‡i) A I B Gi gvb wbY©q Kiv hv‡e| d‡j �i� bs Gi mvnvh¨ mn‡RB cÖ̀ Ë mgvKjb wbY©q Kiv hv‡e| hLb 
mgvKjbwU Ñ 

 GKwU exRMvwYwZK g~j` fMœvs‡ki AvKv‡i †`qv _v‡K|  
 fMœvs‡ki n‡i Pj‡Ki NvZ j‡e Pj‡Ki NvZ A‡cÿv e„nËi nq Ges 
 n‡ii ivwkwU‡K Pj‡Ki K‡qKwU GKNvZ Drcv`‡K we‡kølY Kiv hvq, ZLb mgvKjbwU‡K K‡qKwU AvswkK 

fMœvs‡ki mgwóiƒ‡c cÖKvk K‡i mgvKjb wbY©q Kiv hvq| 

D`vniY 1: o ����

������²  &) wbY©q Kiæb| 

mgvavb:o ����

������²  &) = o ������

�
��,������  &) 
g‡b Kiæb, o ����

�
��,������  ≡ @
�
��,� + Ä

����� . . . . . . . . . . . . . . . . . . . . . . . . . . . … . �i� 
Zvn‡j, ) − 22 = q�) − 2� + Â�3) + 4� … … … … … … … … … … … … ���� 
GLb, (��) bs Gi Dfq c‡ÿ ) = 2 ewm‡q cvB 
−20 = 10Â        ∴ Â = −2 
Avevi, (��� bs Gi Dfq cÿ †_‡K ) Gi mn‡Mi gvb mgvb K‡i cvB 
1 = q + 3Â 
ev, 1 = q + 3�−2� 
∴  q = 7 
�i� bs n‡Z cvB, ����

�
��,������ = Å
�
��,� − �

����� 

∴ r ) − 22
�3) + 4��) − 2�  &) =  r Æ 7

�3) + 4� − 2
�) − 2�Ç  &)  

cvV-9.8 
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=  7 r &)
3) + 4 − 2 r &)

) − 2 
=  7 ln|3) + 4|

3 − 2 ln|) − 2| + l 
=  7

3 ln|3) + 4| − 2 ln|) − 2| + l 
D`vniY 2: o ©¨�«

�����������  &) Gi gvb wbY©q Ki‡Z n‡e| 
mgvavb:o ©¨�«

�����������  &) 
g‡b Kiæb, ����

����������� ≡ @
� + Ä

��� + È
��� … … … … … … … … … … … . . �1� 

ev, 2) − 1 = q�) − 1��) − 2� + 3)�) − 2� + l)�) − 1� … . … … . �2� 
GLb, (2) bs G ) = 0  ewm‡q cvB,  
0 − 1 = q�0 − 1��0 − 2� 
ev , q = − �

� 
Avevi, (2) bs G ) = 1 ewm‡q cvB, 
2.1 − 1 = −Â 
⇒ ⇒ ⇒ ⇒ 1 = −Â 
∴ B = −1  
Ges (2) bs G ) = 2 ewm‡q cvB 2.2 − 1 = É. 2. �2 − 1�  
                                            ev, 3 = 2l  
                    ∴ É = 


� 
�1� mgxKi‡Y  q, Â, É Gi gvb ewm‡q cvB, 

����
���������� = ��

�
� − �

��� + 
 �%
���  

=  − �
� . �

� − �
��� + 


� . �
���  

∴ o ����
����������  &) = o 	− �

� . �
� − �

��� + 

� . �

���
  
=  − �

� o �
� &) − o ��

��� + 

� o ��

���  
= − �

� |)| − ln|) − 1| + 

� ln|) − 2| + l  

D`vniY 3: o Ê¨©�«
������������  &) Gi gvb wbY©q Kiæb| 

mgvavb: o .����
������������  &) 

g‡b Kiæb, Ê¨©�«
������������ ≡ @

��� + À
������ + È

������ … … … … … �1�  
Zvn‡j, 5)� + 1 = q�) + 1��2) − 1� + Â�2) − 1� + l�) + 1�� … … … … … �2�  
GLb (2) bs Gi Dfq c‡ÿ ) = −1 I ) = �

� ewm‡q cvB, 
5�−1�� + 1 = Â�−2 − 1� ev, Â = −2  
Ges 5 × �

, + 1 = l ��
� + 1� ev, É = 1  
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Avevi,( 2) bs Gi Dfq c‡ÿ aªæeK c` mgvb K‡i cvB, 
1 = −q − Â + É ev,2 + 1 − 1 = 2  
∴  o .����

������������  &) = o 	 �
��� + ��

������ + �
����
  &)  

= 2 o ��
��� − 2 o ��

������ + o ��
����  

= 2 ln|) + 1| + 2 �
��� + �

� ln|2) − 1| + É   

= 2 ln|) + 1| + 2
) + 1 + 1

2 ln|2) − 1| + É 
D`vniY 4: o ª¨

����Gi gvb wbY©q Kiæb| 

mgvavb:o ª¨
���� =o ª¨

������������ 

g‡b Ki‡Z n‡e, �
������������� ≡  @

��� + Ä��Ë
������ … … … … … … … . ��� 

Zvn‡j, 1 = q�1 − ) + )�� + �3) + l��1 + )� … … … … … … . . ���� 
GLb ���� bs A‡f` Gi Dfq c‡ÿ h_vµ‡g ) = −1 I z = 0 ewm‡q cvB, 
1 = q�1 + 1 + 1�    ∴ q = �


 Ges1 = q + l 
∴ l = 1 − q = 1 − �


 = �

  

Avevi, (2) bs Gi Dfq c‡ÿ )� Gi mnM mgvb K‡i cvB, A + B = 0 
                                                ev, B = −A = − �


 
GLb �1� bs G A, B , C Gi gvb ewm‡q cvB, 

�
������������� =

�
�

��� + ��
����

�
������  

 = �



�
��� − �


 o ���
������  

∴ o ��
���� = o 	�



�

��� − �
­ o �����


������
  
= �


 o ��
��� − �

­ o ����
������ &) + �

� o ��
	���

�
��Æ√�
� Ç�  

 = �

 ln|) + 1| − �

­ ln|)� − ) + 1| + �
�

�
√
 tan�� 	���

�

√
 �% + l  

= �

 ln|) + 1| − �

­ ln|)� − ) + 1| + �
√
 tan�� 	����

√
 
 + l  
Askvqb m~‡Îi mvnv‡h¨ †hvMRxKiY (Integration by Parts): Askvqb c×wZ‡Z †hvMRxKiণ dvsk‡bi ¸Yd‡ji 
AšÍiR wbY©‡qi Dci wfwË K‡i cÖwZwôZ| GB c×wZ‡Z dvsk‡bi ¸Yd‡ji †hvMR wbY©q hvq| 

Askvqb m~Î: hw` Í Ges Î Df‡qB ) dvskb nq, Z‡e o ÍÎ&) = Í o Î&) − o 	�Ï
�� o Î&)
 &).  

cÖgvY: hw` Í I Ð Df‡qB ) Gi dvskb nq, Z‡e �
�� �ÍÐ� = Í �Ñ

�� + Ð �Ï
��; ‡hLv‡b Í Ges Î Df‡qB ) Gi  

dvskb Ges AšÍixKiY †hvM¨| Zvn‡j ) Gi mv‡c‡ÿ Dfq‡K †hvMRxKiY K‡i cvB,  
ÍÐ = r ÆÍ &Ð

&) Ç  &) + r ÆÐ. &Í
&)Ç &) 

ev,o 	Í �Ñ
�� 
 &) = ÍÐ − o 	Ð. �Ï

��
 &) … … … … … … … … … … … . ��� 
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g‡b Kiæb, �Ñ
�� = Î 

⇒⇒⇒⇒    Ð = o Î&). GLb ��� bs Ð I �Ñ
��  Gi gvb ewm‡q cvB, 

ÍÎ &) = Í r Î&) − r Ò&Í
&) r Î&)Ó  &) 

GLv‡b, D‡jøL¨ Í I Î dvskbØ‡qi g‡a¨ †h dvskbwU mn‡R †hvMRxKiY‡hvM¨ H dvskbwU 1g dvskb we‡ePbv 
Ki‡Z n‡e| Avevi hw` ÍI Î Dfq †hvMRxKiYhvM¨ nq A_©vr mnR m~‡Îi mvnv‡h¨ †hvMR wbY©q Kiv hvq Zvn‡j 
)� AvKv‡i dvskwU†K 1g dvskb ai‡Z nq| 

D`vniY 5: o )ee dx wbY©q Kiæb| 
mgvavb:o )ee dx 
=  ) r ¥�  &) − r Æ &

&) �)� r ¥�  &)Ç  &) 
= )¥� − r 1. ¥�&) 
= )¥� − ¥� + l 
= �) − 1�¥� + l 
 

D`vniY 6: o )� sin x dx wbY©q Kiæb| 
mgvavb:o )� sin x dx  
= )� o sin ) &) − o 	 �

�� �)�� o sin ) &)
 &)   
= −)� cos ) − o 2)�− cos )�&)  
= −)� cos ) + 2 o ) cos ) &)  
= −)� cos ) + 2 Ô) o cos ) &) − o 	 �

�� �)� o cos )
 &)Õ  
= −)� cos ) + 2    H) I�z ) − o 1. I�z ) &)J  
 = −)� cos ) + 2) I�z ) + 2lÖI ) + l  

 

wbqg 1: hw` †hvMRwU o �z ) &),   o sin�� ) &), o tan�� ) … … . . BZ¨vw` AvKv‡i _v‡K Z‡e †hvMRxKi‡Yi Rb¨ 
1 †K wØZxq dvskb we‡ePbv Ki‡Z nq| AZtci Integration by parts Gi m~Î e¨envi Ki‡Z nq| 

D`vniY 7: o �z) dx ; ) > 0 Gi mgvKjb wbY©q Kiæb| 
mgvavb:o �z) dx  

= �z) o 1. &) − o� �
�� ��z )� o 1. &)� &)  

= �z ). ). − o 	�
� . )
 &)  

= ) �z ) − o 1. &)  
= ) �z) − ) + l  

wbqg 2: hw` †Kv‡bv mgvKjb eax sin bx dx , eax cos bx dx , AvKv‡ii _v‡K, Z‡e Zv‡`i mgvKjb Ki‡Z I a‡i 
wb‡Z nq| AZtci Integration by parts Gi m~Î e¨envi Ki‡Z nq| 

D`vniY 8: e�e sin bx Gi mgvKjb wbb©‡qi Rb¨ wb‡¤œv³ c×wZ e¨envi Kiæb| 
mgvavb: g‡b Kiæb, I = e�e sin bx dx   

= sin bx o e�e dx − o 	 d
de �sin bx� o e�edx
 dx  

= sin bx �×¯
� − o b cos bx . �×¯

�  dx   
= sin bx �×¯

� − Ø
� o e�e cosbx dx.  

= �
� e�e sin bx − Ø

� Ôcosbx o e�edx − o 	 d
de �cos bx� o e�e dx
 dxÕ  

= �
� e�e sin bx − Ø

� Ôcosbx. �×¯
� + o b sin bx. �×¯

�  dxÕ  
= �

� e�e sin bx − Ø
�� e�e cos bx − Ø�

�� o e�e sin bx  dx   
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ev, I =  �
�� �e�e sin bx − be�e. cos bx� − Ø�

�� I   
ev, 	1 + Ø�

��
 I = �
�� e�e �a sin bx − b cos bx� + c′  

ev, 	���Ø�
�� 
 I =  �

�� e�e �a sin bx − b cos bx� + c′  
ev,  I = �

���Ø� e�e�a sin bx − b cos bx� + c′ 
∴  e�e sin bx dx = e�e

a� + b� �a sin bx − b cos bx� + c′ 
Abyiƒcfv‡e, e�e cos bx dx = �×¯

���Ø� �a sin bx − b cos bx� + c′ 
wbqg 3: hw` †Kv‡bv mgvKjbo e�e{a f�x� + f′�x�}dx AvKv‡i _v‡K Z‡e e�ef�x� + c H mgvKwjZ dj nq| 
A_vr o e�e{a f�x� + f′�x�}dx = e�ef�x� + c 
cÖgvY: o e�e{a f�x� + f′�x�}dx 
= o e�e. a. f�x� dx + o e�e f′ �x� dx.  
= aHo e�e f�x� dxJ + o e�e f′ �x� dx  
= a ÙHf�x� o e�e  dxJ − o 	 d

de f�x� o e�edx
 dxÚ + o e�ef ��x�dx  
= a Ôf�x�. �×¯

� − o f ��x� �×¯
� dxÕ + o e�ef ��x�dx  

= e�e f�x� − o e�ef ��x�  dx + o e�ef ��x�dx  
=   e�e f�x� + c  
D`vniY 9: o ee sec x�1 + tan x�dx wbY©q Kiæb| 
mgvavb: I = o ee�sec x + sec x tan x� dx 
g‡b Kiæb, >�)� = sec ). 
∴ >��)� = I¥l ) Û z ) 
∴ I = r ee�sec x + sec x tan x� dx 
 = r ee{f�x� + f ��x�}dx 
 = ee f�x� + c 
= eeI¥l ) + l  
 

 mvims‡ÿc:  

• hw` Í Ges Î Df‡qB ) dvskb nq, Z‡e o ÍÎ&) = Í o Î&) − o 	�Ï
�� o Î&)
 &).  
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 wbw`©ó mgvKjb 
Definite Integral  

 
D‡Ïk¨ 

 

G cvV †k‡l Avcwb-  
• cÖwZ ’̄vcb c×wZ Kx Zv e¨vL¨v Ki‡Z cvi‡eb| 
• cÖwZ ’̄vcb c×wZ e¨envi K‡i mgm¨v mgvavb Ki‡Z cvi‡eb| 

 

wbw ©̀ó mgvKjb ev †hvMRxKiY 
Definite Integral 

cÖvPxb R¨vwgwZi Avwe¯‹vi¸‡jvi g‡a¨ Ab¨Zg n‡jv wÎfzR, PZzf©~R, e„Ë, ‡MvjK, †Pvs, †KvYK BZ¨vw` wbqwgZ 
†ÿÎdj , Nbdj wbY©‡qi m~Î wbY©q Kiv| wKšÍy Zviv AwbqwgZ †hgb wewfbœ eµ‡iLv Øviv Ave× †ÿÎdj I AvqZb 
wbY©q Ki‡Z cv‡ib wb| Avi GB mg Í̄ AwbqwgZ †ÿ‡Îi †ÿÎdj †h c×wZ‡Z cieZx©‡Z wbYx©Z n‡qwQj ZvB n‡jv 
wbw ©̀ó mgvKjb| G †ÿ‡Î AwbqwgZ AvKviwU‡K †f‡½ †QvU †QvU A‡bK¸‡jv wbqwgZ R¨vwgwZK UzKivq cwiYZ Kiv 
nq| AZtci GB mKj R¨vwgwZK UzKiv¸‡jv cÖ‡Z¨KwUi Avjv`v gvb wbY©q K‡i Zv‡`i †hvMdj Øviv m¤ú~©b 
AwbqwgZ †ÿÎdj wbY©q Ki‡Z n‡e| 

†hvMd‡ji mxgviƒc wbw ©̀ó mgvKj‡bi msÁv: g‡b Kiæb,  ≤ ) ≤ " mxgvi g‡a¨ >�)� GKwU msÁvwqZ GKgvb 
wewkó I mxgve× dvskb| GLb  ,  + ℎ,  + 2ℎ … … … 
{ + �z − 1�ℎ},  + zℎ we› ỳ¸‡jv Øviv   ≤ ) ≤ "  we Í̄vi‡K ℎ ‰`‡N©̈ i z msL¨K Dcwe Í̄v‡i wef³ Kwi| 
†hgb:  + zℎ = "  
ev, zℎ = " −   n‡e| 
Zvn‡j,  

lim4→� ℎH>� � + >� + ℎ� + >� + 2ℎ + … … … … . . +>{ + �z − 1�ℎ}J = lim4→�  ℎ Þ >� + ßℎ�
���

Bà�
 

mxgv‡K    I " Gi g‡a¨ ) Gi mv‡c‡ÿ >�)� dvsk‡bi wbw ©̀ó mgvKjb ejv nq Ges G‡K o >�)� &)#
$  cÖZxK 

Øviv cÖKvk Kiv nq| GLv‡b " †K mgvKj‡bi DaŸ© mxgv (Upper limit) Ges   †K mgvKj‡ib wb¤œmxgv (Lower 

limit) ejv nq| myZivs o >�)� &)#
$ = lim4→�  ℎ ∑ >� + ßℎ����Bà� . †hLv‡b zℎ = " −   

mgvKj‡bi †gŠwjK Dccv`¨: wee„wZ : hw` ≤ ) ≤ " e¨ewa‡Z >�)� †h †Kv‡bv mgvKjb‡hvM¨ dvskb nq Ges 
cª̀ Ë e¨ewa†Z Aci GKwU dvskb s �)� cvIqv hvq †hb e¨ewai me©Î >�)� = s��)� nq Z‡e o >�)� &)#

$ =
Hs�)�J"

 = s�"� − s� � n‡e| 
G‡K mgvKjb we`¨vi †gŠwjK Dccv`¨ ejv nq| 
we: ª̀: wbw ©̀ó mgvKj‡bi gvb wbY©‡qi mgq Abyiƒc Awbw ©̀ó mgvKj‡bi m‡½ †Kv‡bv Awbw ©̀ó aªeyK (arbitrary 

constant) †hvM Kivi cÖ‡qvRb nq bv| 
KviY: o >�)�&) =  s�)� + â ;  (†hLv‡b â = Awbw ©̀ó aªæeK) 

cvV-9.9 
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∴ r >�)�&) = Hs�)� + âJ"
 

#

$
 

= Hs�"� + âJ − Hs�"� + âJ = s�"� − s� � 
myZivs, wbw ©̀ó mgvKj‡b †Kv‡bv mgvKjb aªæeK _v‡K bv| 
wbw ©̀ó mgvKj‡bi ag© mg~n: wbw ©̀ó mgvKj‡bi ¸iæZ¡c~Y© ag©vejx wb‡P †`qv n‡jv Ñ 

�i� r f�x�
Ø

�
 dx = r f�z�dz

Ø

�
 

�ii� r f�x�Ø

�
 dx =  − r f�x��

Ø
 dx 

�iv� o f�x��
�  dx =   o f�a − x���

�  dx  
�Î�� o f�x���

�  dx = o Hf�x� + f�2a − x�J�
�  dx   

(iii)hw`a ≤ x ≤ bnq,  
Z‡eo f�x�Ø

�  dx =   o f�x��
�  dx +   o f�x�Ø

�  dx 
�v� hw`>� + )� = >�)� nq, Z‡e o f�x�|�

�  dx =   o f�x��
�  dx 

�Î��� o f�x��
��  dx =   o Hf�x� + f�−x�J�

�  dx   
�Î���� o f�x�Ø 

�  dx = o f�a + b − x�Ø 
�  dx  

 

D`vniY 1:  wb‡Pi dvskb¸‡jvimgvKjb wbY©q Kiæb: 

��� o w����x�
��  &)�

�   ���� o �I�z 2). lÖI )�&)��
�    ����� o �4)� − 8)�&)�

�   ��Î� o �2 + 3( + 5(����
�� &( 

mgvavb: (i) o w����x�
��  &)�

�   

= o �+����.���
��

�
�  &)  

= o 	)� − 2 + �
��
�

�  &)  
= o �)� − 2 + )��� &)�

�   

= Ô��

 − 2) + ���

�� Õ 2
1   

= 	��

 − 2.2 − �

�
 − 	�

 − 2.1 − 1
  

= 	²

 − 4 − �

�
 − 	�

 − 2 − 1
   

= 	�­��,�

­ 
 − 	���


 
  

=  ���
­ − �²


 = �����­
­ = .

­   

���� o �I�z 2). lÖI )�&)��
�     

 =  �
� o 2 sin 2x. cos x dxã�

�   

= �
� o �sin 3x + sin x�dxã�

�   

= − �
� Ô��� 
e


 + cos xÕ π2
0   

= å	�

 cos 
�

� + cos )π2
æ − 	�

 cos 0 + cos 0
  

= �
� 	0 + 0 − �


 − 1
  
= − �

� w− 4 3% x  
= 2 3%   

 

����� o �4)� − 8)�&)�
�    

= Ô4. e�

 − 8. e�

� Õ 2
0   

= 	,

 . 2
 − 4. 2�
 − 	,


 . 0 − 4.0
  
= 
�


 − 16  

= 
��,²

    

= ��­

   

  ��Î� o �2 + 3( + 5(����
�� &(  

= Ô2y + 3. ç�
� + 5. ç�


 Õ −2
−1   

= å2�−2� + 

� . �−2�� + .


 . �−2�
æ − å2. �−1� +


� . �−1�� + .


 �−1�
æ     

 = 	−4 + 6 − ,�

 
 — 	−2 + 


� − .


   

 =  �
,

 + �


­   

= �..
­   
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D`vniY 2:  o ª¨
�é©�¨©�ê ©%

é
ë wbY©q Kiæb| 

mgvavb: o ª¨
�é©�¨©�ê ©%

é
ë  

= o $ ���� ì�ì
�$��$� ��|� ì�� �%

� ,%
�   

 = r  sec� �&�
 
 ���� ì

� ,%

�
 

= �
$� o cos �� ,%

� &�  
= �

$� Hsin �J� 4%
0    

= �
$� ísin � 4% − sin 0î  

= �
$� . 	 �

√� − 0
 = �
√� $�  

D`vniY 3:  o de
�� ��� e

ã
� wbw ©̀ó mgvKjb wbY©q Kiæb| 

mgvavb: o de
�� ��� e

ã
�   

= o
�»ï

�~ï�
���

�
��ï�
�~ï�

ð
�   

= o ,d�
����������

ð
�   

= o ,d�
���


ð
�   

=  4 o d�
��~w√
x�

ð
�   

=  4. �
√
 Ôtan�� 	 �

√

Õ ∞
0   

= ,
√
 Htan�� ∞ − tan���0�J  

= ,
√
 	ã

� − 0
 = �ã
√
  

D`vniY 4:  wb‡Pi wbw ©̀ó mgvKj‡bi gvb wbY©q Kiæb : 

�i� o cos x dx =ã�
� �ii� o e�e dx


�      �iii� o √1 + sin x dxã�
�       �iv� o ��� e de


�, ��| e
ã


�    
mgvavb: (i) o cos x dx =  Hsin xJπ 2%

0
π�

�   

              =  sinπ 2% − sin 0 =   1 − 0 =   1 
(ii) o e�e dx


�  = Ô��¯
� Õ 3

2 = �
� �e­ − e,�  

                      = �
� e,�e� − 1�  

 

(iii) o √1 + sin x dxã�
�      

= o ´cox� x 2% + sin x 2% + 2 sin x 2% . cos x 2%  dxã�
�   

= o ´wcos x 2% + sin x 2% x� dxã�
�   

= o wcos x 2% + sin x 2% x dxã�
�   

=  Ù��|e �%
� �% + � ���e �%

� �% Ú π 2%
0   

= 2íwsin x 2% − cos x 2% xîπ 2%
0    

=  2ñwsin x 2% − cos x 2% x − �sin 0 − cos 0�ò  
 =  2{0 − �0 − 1�} =  2. 

�iv�o ��� e de

�, ��| e

ã

�   

= o
D§
+
¦


��√


   

=  �
, o �¦

¦

��√



   

= �
, Hln|�|J3 + 2√3

3    

=  �
, ílnw3 + 2 + √3x − ln 3î   

=  �
, ln 	
���√



 
 = �
, ln 	1 + �

√

    

D`vniY 5:  wb‡Pi wbw ©̀ó mgvKjbmg~n wbY©q Ki‡Z n‡e  : 

�i� r 1
1 + sin x dx

ã ,%

�
               �ii� r �tan�� x��

1 + x�  dx
�

�
             �iii� r dx

x�1 + ln x��
��

�
) 

mgvavb: (i): o �
����| e dxã ,%

�   

= o ����| e
�����| e������| e�

ã ,%
�  &)  

= o ����| e
����|� e

ã ,%
�  &)  

∴  dz
4 = cos x dx 

g‡b Kiæb, 
z = 3 + 4 sin x   
dz = 4 cos x dx   

mxgv:  

X 0 π 3%  

z 3 3 + 2√3 
 

∴  &) = a sec� � &� 
g‡b Kiæb, ) =  tan � 
mxgv:  

x 0 a 

� 0 � 4%  

 

∴  &) = 2&Û
1 + Û� 

g‡b Kiæb, tan ) 2% = Û 

mxgv:  

x 0  � 

Û 0 ∞ 
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 = r 1 − sin x
cos� x

ã ,%

�
 &) = r Æ 1

cos� x − sin x
cos� xÇ

ã ,%

�
 &) 

 = r �sec� x − sec x tan x�dx
ã ,%

�
 

 = Htan ) − sec )Jπ 4%
0   

 = wtan π 4% − sec π 4% x − �tan 0 − sec 0� 
 = w1 − √2x − �0 − 1� = 2 − √2 
�ii� o w��|�� ex�

��e�  dx�
�   

= o �� &�� ,%
�   

=  Ô¦�

 Õ � 4%

0   

= �

 Ôw� 4% x
 − 0
Õ   

= � 



��
­, = ��

���  
 

�iii� o de
e���ó| e��

��
�   

= o �¦
¦�



�    

= o ��� &�

�   

=  Ô¦��
�� Õ 3

1  
=  − Ô�

¦Õ 3
1  

= − Ô�

 − 1Õ = − �


 + 1 =  ���


 = 2 3%      

 
 

 mvims‡ÿc:  

 hw`  ≤ ) ≤ " e¨ewa‡Z >�)� †h †Kv‡bv mgvKjb‡hvM¨ dvskb nq Ges cª̀ Ë e¨ewa†Z Aci GKwU dvskb 
s �)� cvIqv hvq †hb e¨ewai meÎ© >�)� = s��)� nq Z‡e o >�)� &)#

$ = Hs�)�J"
 = s�"� − s� � n‡e| 

 
 
 
 
 
 
 
 

∴  1
1 + x� dx = dz 

g‡b Kiæb, tan�� x = z 

mxgv:  

X 0 1  
z 3 π 4%  

∴  1
x dx = dz 

g‡b Kiæb, l + ln x = z 

mxgv:  

X 0 z� 

z 1 3 
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 e¨emvwqK wmÜvšÍ MÖn‡Y mgvKj‡bi cÖ‡qvM 
Applications of Integration in Business Decisions 
 

 
D‡Ïk¨ 

 

G cvV †k‡l Avcwb-  
• †gvU Avq †`Iqv _vK‡j cÖvwšÍK Avq wbY©q Ki‡Z cvi‡eb| 
• cÖvwšÍK e¨q †`Iqv _vK‡j †gvU e¨q wbY©q Ki‡Z cvi‡eb| 

e¨emvwqK wmÜvšÍ MÖn‡Y mgvKj‡bi cÖ‡qvM 
Applications of Integration in Business Decisions 

mgvKjb ev †hvMRxKiY n‡jv AšÍixKiY ev Differentiation Gi GKwU wecixZ cÖwµqv| ZvB e¨emvq MwYZ Gi 
†ÿ‡Î AšÍixKi‡Yi mvnv‡h¨ hv wKQz wba©viY Kiv m¤¢e Zv‡`i mv‡_ m¤úK©hy³ mKj wel‡q gvb wba©vi‡Yi mgvKjb 
I cÖ‡qvM MwY‡Zi GKwU ¸iæZ¡c~b© welq nj mgvKjb| 
D`vniY ¯̂iƒc: †Kvb e¨emv cÖwZôv‡bi †gvU Avq hw` R nq Ges R hw` ) Gi dvskb nq A_©vr  R = f�x� n‡j 

cÖvwšÍK Avq õö = �÷
�� = �

��  >�)�.  
wecixZµ‡g, cÖvwßK Avq MR = ψ�x� Rvbv _vK‡j †gvU Avq, ö = o�MR�dx + c 
ev, ö = o ψ�x�dx + c. †hLv‡b, c GKwU aªæeK| 
Avevi †gvU Avq R = px †hLv‡b GKK cÖwZ g~j¨ ú, ∴ O) = o�õö� &) + l.  
GKBfv‡e, cÖvwšÍK Drcv`b e¨q õÉ = �Ë

�� n‡j †gvU Drcv`b e¨q, É = o�õÉ�&) + â  †hLv‡b, â aªæeK GLv‡b 
†_‡K M‡o Drcv`b e¨q n‡e, qÉ = Ë

�. ∴  qÉ = Ë
� = o�ûÈ����3      

�   

Avevi, †gvU †fvM l †gvU RvZxq Avq y Gi dvskb n‡j l = >�(� Ges cÖvwšÍK †fvM cÖeYZv õPÉ = �Ë
�� 

Ges †gvU †fvM n‡e l = o�õúÉ�&( + â BZ¨vw`| 
D`vniY 1: †Kv‡bv KviLvbvi cÖvwšÍK e¨q dvskb õÉ = 39 + 22Á + 3Á� Ges mÉ = 25 UvKv n‡j †gvU  
LiP �TC� dvskb wbY©q Kiæb| 
mgvavb: †`Iqv Av‡Q, õÉ = 39 + 22Á + 3Á� 
∴ †gvU LiP dvskb �þÉ� = o�õÉ�&Á  
∴ þÉ = o�39 + 22Á + 3Á��  &Á  
= 39 o &Á − 22 o Á&Á + 3 o Á�&Á = 39Á − 22 ½�

� + 3. ½�

 + l = 39Á − 11Á� + Á
 + l  

GLv‡b mÉ = 25 UvKv n‡j þÉ = 39Á − 11Á� + Á
 + l 
D`vniY 2:   GKwU ª̀‡e¨i cÖvwšÍK Avq, MR = 16 − x� †`qv Av‡Q| †hLv‡b, x Drcv`‡bi cwigvY n‡j,  
(K) m‡e©v”P †gvU Av‡qi cwigvY wbY©q Kiæb| (L) †gvU I Mo Avq dvskb Ges Pvwn`v dvskb wbY©q Kiæb| 
mgvavb: †`Iqv Av‡Q  õö = 16 − )� 
†gvU Av‡qi cwigvY m‡e©v”P n‡e hw` õö = 0 nq| 
∴  16 − )� = 0 
ev,   )� = 16 , ∴  ) = ±4 

(L) Avgiv Rvwb, þö = o õö. &)  
∴ þö = o�16 − )��&)  
=  16) − ��


 + l  

cvV-9.10 
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 GLv‡b Drcv`‡bi cwigvY FbvZ¥K n‡Z cv‡i bv,  
∴ ) = 4 
Zvn‡j ) = 4 n‡j m‡ev”P© †gvU Avq cvIqv hv‡e| 
∴  þö = o õö. &),

�   

= o �16 + )��&) =,
� Ô16) − ��


 Õ 4
0   

 =  Ô16.4 − ,�

 Õ − Ô16.0 − ��


 Õ   
=  64 − ­,


 = ����­,

   = ��²


   

Zvn‡j m‡ev”P© †gvU Avq ��²

 . 

hLb Drcv`b ) = 0 ZLb þö = 0  
  ∴   É = 0 
Zvn‡j †gvU Avq dvskb  = 16) − ��


 .  
Avevi, qö = 1÷

�  

∴  qö =  �­����
�

�     
= 16 − ��


   

†h‡nZz qö = ú Ges qö = 16 − ��

    

AZGe, Pvwn`v A‡cÿK �ú� = 16 − ��

  

D`vniY 3: GKRb †fv³vi Pvwn`v dvskb ú = 1600 − Á�; hw` †m 20 GKK ª̀e¨ µq K‡i Z‡e †fv³vi DØ„Ë KZ 
n‡e Zv wbY©q Kiæb| 
mgvavb: GLv‡b, Á = 20 n‡j ú = 1600 − �20�� 
= 1600 − 400 = 1200 UvKv, myZivs, †gvU e¨q n‡e = 1200 × 20 = 24000 UvKv| 
wKš‘ †m 20 GKK ª̀‡e¨i µq Gi Rb¨ w`‡Z cÖ ‘̄Z wQj, 

 o �1600 − Á��&Á = Ô1600Á − �

 Á
Õ��

�
20
0   = 29333.33 UvKv| 

myZivs †fv³vi D ¦̀„Ë n‡e  �29333.33 − 24000� UvKv = 5333.33 UvKv| 
D`vniY 4: †Kv‡bv cªwZôv‡bi mieivn dvskb ú = �Á + 3��†`qv Av‡Q| ú = 81 Ges Á = 6 n‡j Drcv`‡bi 
DØ„Ë KZ wbY©q Kiæb| 

mgvavb: Drcv`K 6 GKK ª̀e¨ Drcv`b K‡i 81 UvKv `‡i weµq Ki‡j †gvU Avq cv‡e = 81 × 6 = 486 UvKv| 
wKšy‘  Á = 6 GKK ª̀e¨ weµq Ki‡Z cȪ ‘Z wQj:o �Á + 3��&Á­

�  UvKvq 

AZGe, Drcv`‡Ki DØ„Ë = 486 − o �Á + 3��&Á­
�   

= 486 − Ô�

 �Á + 3�
Õ 6

0 =   486 − Ô�

 �6 + 3�
 − �


 �0 + 3�
Õ = 486 − �243 − 9� = 486 − 234 = 252 UvKv| 
D`vniY 5: cÖvwšÍK mÂq cÖeYZv õú� = −0.5 − 0.2)��; †hLv‡b ) = Avq| †fvM (A‡cÿK) dvskb wbY©q 
Kiæb; hLb Avq 10 UvKvi Rb¨ †fvM 4.8 UvKv| 
mgvavb: õúÉ = 1 − õú�  
 = 1 − �−0.5 − 0.2)���  = 1.5 + 0.2)�� 
†fvM A‡cÿK É n‡j �Ë

�� =  õúÉ = 1.5 + 0.2)�� 

∴ É = o� õúÉ�. &) = o�1.5 + 0.2)��� &) = 1.5) + 0.2 ���~�
���� + � = 1.5) − 0.2)�� + �   

kZ©vbymv‡i,) = 10 Ges É = 4.8 n‡j 4.8 = 1.5 × 10 − 0.2 × �10��� + � ∴  �  = −10.18 
AZGe, †fvM A‡cÿK É = 1.5) − 0.2)�� − 10.18  
 

 mvims‡ÿc:  

•  †gvU †fvM n‡e l = o�õúÉ�&( + â 
• †gvU Avq R = px †hLv‡b GKK cÖwZ g~j¨ ú, ∴ O) = o�õö� &) + l 



evsjv‡`k Dš§y³ wek̂we`¨vjq AšÍixKiY Ges †hvMRxKiY 

BDwbU bq c„ôv 217 

 
BDwbU g~j¨vqb  

wb‡Pi dvskb¸‡jvi AšÍixKiY wbY©q Kiæb: 

1. (i) 
0cosx  (ii) xx sin  (iii) 

x

xx

cos1

sin

+
 (iv) x

e  (v) ( ){ }42 lnsin x         (vi) 
05 sinxe x
 

2. (i) xxe1sin −    (ii) )tan(sectan 1
xx +−     (iii) 

2

1

41

4
tan

x

x

−

−    (iv) 
2

2
1

1

1
sec

x

x

−

+−
    (v) 

x

x

−

+−

1

1
cot 1

 

(vi) 










+

−−

x

x

1

1
tan2sin 1

  

3. (i) 
x

x

cos1

cos1
ln

+

−
 (ii) xx

1

  (iii) 
x

x
1

cos
−

 (iv) ( )xxx  (v) ( ) x

x  (vi) 
)5ln(tan5 xe  

(vii)
x

x
1

sin
−

 (viii) 
22

xx
xe +  (ix) xy

yx =  (x) ( ) ( )xy
yx cossin =  

4. wb‡Pi dvskb¸‡jvi wØZxq AšÍixKiY wbY©q Kiæb: (K) xxy
1sin)2( −+=  (L) nxm

exy =  (M) xxy
12 tan−=  

5. hw` y =
����
�

 nq, Z‡e †`Lvb †h,  �
��

���
  = 

������

��

 

6. hw` y = ac
mx

+be
-mx  nq, Z‡e cÖgvY Kiæb  �

��

���
  = m

2
y 

7. hw` y =sin (sinx) Z‡e †`Lvb †h, y2+y1tanx+ycos
2
x =0 

8. A I B †h †Kvb aªæeK n‡j y =Ae
2x

+Be
2x  †_‡K  cÖgvY Kiæb�

��

���
  -4 

��

��
 +4y =0 

9.(i) y =sin
-1

x Z‡e cÖgvY Kiæb †h,(1−x
2
) 
���

���
−x 

��

��
  =0(ii) y=e

tan-1x Z‡e cÖgvY Kiæb †h, (1−x
2
)y2 +(2x−1)y1=0  

10. hw` y =cos (msin
-1

x) nq Z‡e †`Lvb †h, (1−x
2
)y2 + m

2
y =xy1 

11. wb¤œwjwLZ dvskb¸‡jv‡K g¨vKjwi‡bi Dccv`¨ Abymv‡i AbšÍ avivq we Í̄…Z Ki: (K) ex  (L) e-mx      (M) ecosx  

(N) sinx  (O) tanx   (P) sin
−1

x  (Q) ln (1+x) 

cÖkœgvjv 

12. MwY‡Zi dvskb mg~‡ni m‡e©v”P I me©wb¤œgvb wbY©q Kiæb: (i) 1236152 23 ++− xxx   (ii) xaax
x 22

3

3
3

−+  

13. cÖgvY Kiæb †h, 11933 23 +−−= xxxy eµ‡iLvi 1−=x we› ỳ‡Z m‡ev©v”P I 3=x we› ỳ‡Z me©wb¤œgvb 
_vK‡e| 

14. GKwU cÖwZôv‡bi Drcv`b e¨q 23
48

5 x
x

C ++=  †hLv‡b x n‡jv cÖwZôv‡bi †gvU Drcvw`Z c‡Y¨i cwigvY| 

cÖwZôv‡bi Drcv`b LiP C me©wb¤œ n‡e wbY©q Kiæb|  
15. GKwU Drcv`b cÖwZôvb Zvi Drcvw`Z cY¨ mg~n cÖwZ BDwbU 2 UvKv `‡i wewµ K‡i| cÖwZôvbwUi q BDwbU 

ª̀e¨ Drcv`‡b †h LiP nq Zvn‡jv 



















+

2

502

1
100

q

 
UvKv| 

(K) hw` GKK cY¨ Drcvw`Z nq GesZvwewµ nq Z‡egybvdvwbY©qKiæb| (L) cÖwZôvbwU KZ GKK `ªe¨ Drcv`bKi‡j Gi 
gybvdvm‡e©v”Pn‡e? (M) m‡ev©”Pgybvdv KZ? (N) hw` 6000 GKK cY¨ Drcvw`Z nq Z‡egybvdv KZ n‡e?    
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16. GKwU cÖwZôv‡bi Drcvw`Z c‡b¨i LiPI e¨q †hvMv‡bi A‡cÿK h_vµ‡g 275100 qqC ++= Ges 

(i) gvb wbY©q Kiæb †hb cÖwZôv‡bi gybvdv m‡ev©”P nq| 
(ii) GB Ae ’̄vq m‡ev©”P gybvdvi cwigvb wbY©q Kiæb| †hLv‡b n‡jv cÖwZôv‡b Drcvw`Z c‡Y¨i cwigvY| 

17. wb‡Pi Awbw ©̀ó †hvMR¸‡jv wbY©q Ki‡Z n‡e: (i)o&t     �ii�  o�3 cos ) − 5 sec� )� &)  �iii� o 	)� + �
��
� +

&)        �iv� o ����
��� &) (v)  o�)
 − 5¥� + 8� &)       �vi� o �

� 	) + �
�
 &)   �vii� o )w1 + √)x &) 

18. (i)  o de
����� �e            �ii� o �������� �

√������� &)    �iii� o ��
����� ��       �vi� o √1 − cos 2) &) 

(v) o tan� x dx    �vi� o�sec x tan x − 3 cosec� x� dx �vii� o�tan x + cot x�� dx �viii� o ���������
������ dx 

wb¤œwjwLZ Awbw ©̀ó †hvMRxKiY¸‡jv wbY©q Ki‡Z n‡e: 

19. �i� o ��� ����
√���� �� �ii� o 4 I°
)  &) �iii�I°,) &)�iv� o cos, )  &) �v� o sin� )  . cos� ) &) 

�vi� r I°�)  . cos 2) &)�vii� r 5 cos 4) sin 3) &) �viii� r 1
1 + I°)  &) �ix� r &)

1 + cos ) �x� r ) + 25
) + 25  &) 

20. �i� o cos )  . cos�sin )�  &) �ii� o tan, )  . sec� )  &)�iii� o 	2� + �
�
 �¥� + ln )�&) 

�iv� r tan�sin�� )�
√1 − )�  &) �v� r )� tan�� )


1 + )­  &)�vi� r ¥$ ��|�� �
1 + )�  &)�vii� r 1

)√1 + �z)  &) 
�viii� r &)

√5 − 4)� �ix� r &)
9)� − 16 �x� r &)

)� − ) + 1 �xi� r tan )
ln�cos )�  &)�xii� r 1 + tan� )

�1 + tan )��  &) 
21. o ��

��
 ���� �wbY©q Ki‡Zn‡e|      22.  o √��| �
��� ��� �  &)wbY©q Ki‡Zn‡e| 

23. o ���

�, ��� �  &)wbY©qKi‡Zn‡e|    24. o I°
 cos� )  &)wbY©qKi‡Zn‡e| 

25. o �®Ë� � ��
√�­���|� �wbY©q Ki‡Zn‡e| 

26. (i) o ��
���� (ii) o ��


����������� &) (iii)  o ��
.
����. &) 

27. (i)
�������
���.��­            (ii)  o ����
�

�������� &)                   (iii)  o �����

������ 

28. (i) o ��
�������         (ii) o ���
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